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Abstract

We are now in the era of precision cosmology. Large volume of precise cos-
mological data are obtained from many experiments and observations. In par-
ticular the Wilkinson Microwave Anisotropies Probe (WMAP) measures the
Cosmic Microwave Background (CMB) Anisotropies to high precision. We are
now able to put various extensions of standard model to scrutiny. This means
that some models can be ruled out or the model parameters will be limited
to certain ranges. In this thesis, we make use of current cosmological data,
mainly the WMAP CMB data to constrain some models of generalization of
general relativity and string theory motivated origin.

One possible generalization of general relativity is that the gravitational
constant G can be varying. In Chapter 3, we use the CMB power spectra
to constrain the cosmological variation of G' from redshift z ~ 1000 to 0.
The constraint is parametrization dependent, and the bound on G//G is about
(—9.6 ~ 8.1) x 10712 yr~.

In Chapter 4, we consider another generalization to GR, the f(R) gravity
in the Palatini formalism. The particular form we study is f(R) = R +
a|R|?. Using the CMB power spectrum, matter power spectrum and the
supernovae data, we are able to constrain the model parameter 3 to the order
~ O(107°), so that the modified gravity theory is nearly indistinguishable from
the standard ACDM model.

Finally, in Chapter 5, we use the WMAP data to constrain the evolution

of the extra dimension volume, the radion, in brane model. In many versions



of brane model, the radion could have cosmological evolution, which induces
variation of the Higgs vacuum expectation value, (H), resulting in cosmological
variation of the electron mass m.. We obtain a constraint on p, the ratio of

the value of (H) at CMB recombination to its present value, to be [0.97, 1.02].
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Chapter 1

Overview of Cosmology

In this chapter we shall review the current status of cosmology, especially the
most important pillars of modern cosmology. Cosmology was once regarded
as a data-starved subject. This sentiment can be reflected from Lev Landau’s
remarks, “Cosmologists are often wrong but they are never in doubt.” However,
observations have been improving since last couple of decades, and we see the
volume and accuracy of the data increasing rapidly. We are now beginning
to hear that we are in the era of precision cosmology more and more often.
The basic framework of cosmology has been proven to be so robust that it
is dubbed the standard model of cosmology. This is a brief review on the
standard ACDM model; for more details the reader may consult cosmology

textbooks [6, 7, 8] or lecture notes [9, 10].

1.1 Friedmann-Robertson-Walker Universe

Today every competent cosmologist accepts the Big Bang paradigm without
much doubt. The idea that the universe originates from a hot expanding “fire-
ball” is in good agreement with three cosmological observations: the Hubble
diagram, the Cosmic Microwave Background Radiation and the Big Bang Nu-

cleosynthesis. To make the description of the Big Bang more precise, we now
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introduce the Robertson-Walker (RW) metric

dr?

1 — kr?

ds? = —dt? + a?(t) +7?(d0* + sin® 0dg”) |, (1.1)

where k is the curvature, and a(t) is the scale factor. The RW metric can
be derived [9] from the cosmological principle, which states that the universe
is homogeneous and isotropic at every point. This principle is required to
establish a scientific theory of the universe and is due to our modesty that
we are not living in a special point in the universe. Recent observations (see
Fig. 1.4 and 1.6) strengthen our confidence in this principle.

In Eq. 1.1, k£ describes the curvature of the spatial slices and can be normal-
ized to +1, 0 or -1 for positive, zero and negative spatial curvature respectively.
Note that the RW metric is due to geometry and is not dependent on the de-
tails of general relativity (GR). But to determine the evolution of a(t) we do

need the Einstein field equation:
1
R, — §RgW + Ag = 87GT),. (1.2)

Here we explicitly include the cosmological constant A and T}, is the energy-
momentum tensor. In cosmology it is often sufficient to model the energy-

momentum tensor as a perfect fluid
T;w - (P + p)UuUu + PIuv, (1?))

where p and p are density and isotropic pressure measured in the rest frame of
the perfect fluid, whose 4-velocity is U*. Plugging Eq. 1.1 and 1.3 into Eq. 1.2,
we yield the Friedmann equation

N2
a G k A

a a?

and the acceleration equation

(1.5)

_4AnG(p + 3p) N A
3 3

a
a
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From Eq. 1.4 and Eq. 1.5, we can derive the continuity equation

p= 3200+ 3p). (1.6)

To characterize the property of each component, we can define the equation

of state (EOS) as

© IS

w

(1.7)
Often but not always w is assumed to be constant. Given w, by Eq. 1.6, the
cosmological density scales as

1

m. (1.8)

p X

With the scaling laws of the densities, Eq. 1.4 is sufficient to determine the

evolution of the a(t).

1.2 The Hubble Diagram and Type Ia Super-
novae

The strongest evidence of the expansion of the universe is the Hubble diagram.

First, we have to introduce the Hubble parameter

H (1.9)

Il
2l

It is a measure of the expansion rate of the universe.
In 1929, Edwin Hubble observed that the farther the galaxies distance
d were the greater the velocities v that they receded from us. He further
concluded the Hubble law
v = Hyd. (1.10)

The value of Hy measured by Hubble was 500 km s~! Mpc~!, wrong by a factor
of 7 in hindsight of the current data.
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It is easy to get the redshifts by measuring the absorption line spectra of
the distant objects. The observed redshift is mainly due to the cosmological
redshift z defined as

)\0 Qo

l=—= 1.11
“ +_ Ae a67 ( )

where \g (ag) denotes the wavelength of a photon (scale factor) at the present
time, while A\, (a.) represents the wavelength of the photon (scale factor) at
the emission time. To a large extent, the wavelength is stretched by the cosmic
expansion and the contribution from the Doppler shift is small.

It is much more difficult to get the distance of a heavenly object. One
popular approach is to make use of the so-called “standard candles”, whose
intrinsic brightness is believed to be known and so their observed brightness
can be used as a distance measure. Shown in Fig. 1.1 is a modern Hubble
diagram obtained by the Hubble Space Telescope (HST) Team. The modern
value of Hyis 72 £ 8 km s~ Mpc ! [1].

3)(104*“‘TNYT‘Y{TYY“Y‘T'L‘NL

| e I-band Tully-Fisher 9 AR
I »+ Fundamental Plane L
= I ¢ Surface Brightness .
19) + = Supernovae la -
L 2x104 - o Supernovae II . —
= e
= -

B i -
8 104 lA _
v A |
>

o 0

s

< 100

9]

o 80

<

g 60

g

~ 40 =

:I:Q 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1

0 100 200 300 400
Distance (Mpc)

Figure 1.1: Hubble diagram obtained by the HST Key Project [1]. Five different
distance measures are used to estimate distance. Relative to other measures SNe
Ta extends the observable distance by a factor of 2. They collectively indicate that
Hy=72+8kms ! Mpc!.
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Among the five measures in Fig. 1.1, a type of distance measure Type Ia
Supernovae (SNe Ia) stands out and extends the distance to as far as 400
Mpc. A SNe Ia explosion occurs when the infall of mass from a companion
star causes the mass of a white dwarf to reach the Chandrasekhar limit. The
assumption that SNe Ia are standard candles is based on the universality of the
Chandrasekhar limit. A supernova can be as bright as the host galaxy, and so
it can be seen even at high redshift. However, the exploding white dwarfs may
vary in composition, and the observed peak brightness varies. Nonetheless
some corrections have been developed to deal with it.

Not only have the SNe Ia observations sharpened the accuracy of the Hy,
but also given rise to one of the most important (if not the most) discoveries
at the end of the last century — that the universe is dominated by a mysterious
component called dark energy [11, 12].

The dark energy is a smooth component that becomes dominant in the
universe only recently. It has negative pressure so that it drives the recent
cosmic acceleration. One of the simplest candidates of dark energy is the cos-
mological constant A. The discovery of cosmic acceleration revives Einstein’s

cosmological constant.

1.3 Big Bang Nucleosynthesis

In the early universe, the temperature is so high that particles in the pri-
mordial plasma interact strongly with each other. Thus they are in thermal
equilibrium. When the universe expands and cools down, the interaction rates
of some species of particles cannot catch up with the expansion rate of the
universe and they decouple from the rest of the plasma. After falling out of

equilibrium, their abundances freeze out. For the equilibrium between the
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Figure 1.2: Hubble diagram from SCP [2]. In the upper panel, the effective magni-
tude is plotted against the redshift. The solid curve (24 = 0.75) fits the data much
better than those with Q25 = 0. The lower panel shows the residuals relative to an
empty universe (25 = 0,37 = 0), illustrating how strong the dark energy has been
detected.

neutrons and protons, the relevant interactions are the weak interactions

nept+e +0, (1.12)
et +nep+o, (1.13)
v+nepte. (1.14)

This type of interconversion stops when the temperature drops below 1 MeV,
a few minutes after the birth of the universe. Since neutron is more massive
than proton, the ratio of the freeze-out abundance is about 1/6. The neutron
starts to decay with a life time of 890 s. Due to the huge number of photons

in the plasma preventing the formation of nuclei, Big Bang Nucleosynthesis
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(BBN) is insignificant until the temperature reaches 100 keV. Now the ratio of
number density between neutron and proton is about 1/7. Nearly all neutrons
are trapped within “He nuclei because helium is more stable than other light
nuclei, while the rest of the protons form hydrogen nuclei. Thus about 25% of
baryon mass appears in the form of helium after BBN, while the other 75% in
the form of hydrogen. BBN also produces traces of other light nuclei such as
deuterium, *He and lithium. The abundances of *He and other light elements
from theoretical BBN calculations are compared with observational bounds in
Fig. 1.3. We see that they are in good agreement with each other.
Fraction of critical density

0.01 0.02 0.05
— r r r r

0.25
0.24 I |
0.23

0.22 «

“He Mass fraction

-
<
IS

T —r
W)
1

Number relative to H
—_ -
o o
& &
%)
fas]
o

10710 i

E . . . | 3
1 2 5
Baryon density (1073! g cm™®)

Figure 1.3: The BBN prediction of abundance of *He, deuterium, *He and "Li as a
function of baryon density. The bands are due to uncertainties in theoretical calcula-
tions. The boxes and arrows represent the 95% abundance limits from observations,
and the vertical strip indicates the constraints from the measurement of primordial
deuterium alone. This figure is taken from Ref. [3].
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1.4 Cosmic Microwave Background

A similar decoupling occurs for hydrogen atoms when the universe cools down
to the temperature of the order of atomic energy. Before decoupling, Thomson
scattering keeps electrons in equilibrium with photons, while protons couple
to electrons via Coulombic interactions, and so the hot plasma is in thermal
equilibrium. Because of the tight coupling between photons and the plasma,
the universe is opaque. About 3.8 x 10° years after the Big Bang, protons re-
combine with electrons. Once the hydrogen atoms form, the universe becomes
transparent to photons and they free-stream through the universe. Nearly free
of contaminations in their journey, the primordial photons maintain a black-
body spectrum

V3 1

B, =2h s 1

(1.15)

Under cosmic expansion, the frequency v scales with 1/a(t), and so the black-
body spectrum can be preserved with 7" o< 1/a(t). The temperature is mea-
sured to be 2.728 £ 0.004 K [13]. Since the peak frequency is in the mi-
crowave range, this primordial radiation is termed Cosmic Microwave Back-
ground (CMB) ! .

More interestingly, since our universe is not perfectly smooth (our exis-
tence proves this!), we expect that there are tiny perturbations seeded in the
CMB. These anisotropies in the CMB prove to be very difficult to detect. The
smallness of the anisotropies in turn confirm the validity of the cosmological
principle.

In 1992, CMB anisotropies were first detected by the satellite mission
COBE ? . Fig. 1.4 shows the CMB anisotropy map measured by the ongo-
ing satellite mission the Wilkinson Microwave Anisotropies Map (WMAP).

LCMB was detected accidentally by Penzias and Wilson in 1965. They got the Nobel
Prize in Physics in 1978

2The 2006 Nobel Prize in physics was awarded to John Mather and George Smoot for
their efforts to use COBE to measure the blackbody spectrum and anisotropies of CMB
respectively.



Chapter 1 Quverview of Cosmology 9

The CMB temperature is very uniform on the whole sky, with fluctuations
OT/T of the order of 107° only. These fluctuations encode primordial informa-
tion, and CMB is a powerful weapon to study the physics in the early universe.

To compare with theory, the fluctuations in Fig. 1.4 are usually expanded in

N 3
200 T(UK) +200

Figure 1.4: The three-year WMAP temperature anisotropy map. Spots are fluc-
tuations in the CMB temperature across the celestial sphere. The magnitude of
fluctuations 07/T is of the order of 107°. The figure is taken from [4].

spherical harmonics Y}, (0, ¢) as
oT
? = Z ale}m(a ¢) (116)
Iym

This operation is similar to Fourier transform except that the basis functions
are the spherical harmonics due to the spherical geometry of the celestial
sphere. It enables us to separate the small angular scale physics from the large

ones. The fluctuations are quantified by the temperature power spectrum
Cr =< |amm|* > . (1.17)

Formally, this is an ensemble average. In practice, since we only observe one
universe, it is averaged over the celestial sphere assuming different parts of the
sky constitute independent samples.

Shown in Fig. 1.5 is the temperature power spectrum from WMAP and
other experiments. The peaks in the temperature power spectrum reveal the

oscillations of the primordial acoustic waves. From this spectrum, people have
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cranked out a lot of useful information; to name some of the most important
ones, the nature of the initial conditions, the spatial curvature, and matter
contents of the universe. We shall discuss more about CMB anisotropies in

Chapter 2.

Angular Scale

90° 2° 0.5° 0.2°
6000 — T T T

i WMAP

E I Acbar
5000 [ E

i cBI

4000 [~ 3

3000 £ 3

2000 _ 11%1 E

10 100 500 1000 1500
Multipole moment

1(1+1)Cy/2m [uK2]

Figure 1.5: The temperature power spectrum from three-year WMAP, together
with other ground/balloon experiments dedicated to measuring high-I spectrum.
The solid line represents the best fit ACDM model. This figure is taken from [4].

1.5 Matter Power Spectrum and (alaxy Sur-
veys

In the standard cosmology picture, initial perturbations grow due to gravi-
tational instability and eventually form large scale structures (LSS), such as
galaxies that we see in today’s clumpy universe.

In the studies of LSS, we are interested in the density perturbation field

3(x) = p(x);%, (1.18)

which describes the fluctuation in density at point x from the mean density
< p >. To describe the statistics of §(x), we shall consider the two-point
correlation function

£(x1,%x2) =< 0(x1)d(x2) > . (1.19)
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Again we are taking ensemble average in our mind.

In Fourier space the power spectrum P(kq, ks) is defined as

1
(2m)?

Plky, ko) = < 5(k1)d(ka) >, (1.20)

where §(k) is the Fourier transform of §(x). Statistical homogeneity and
isotropy give

P(ki,ka) = dp(ks — k2) P(k1), (1.21)

with

Pky) = (21)° / (e, (1.22)
More specifically, the Dirac delta function arises from statistical translation
invariance and the that fact that P(ky,ks) is a function of k; follows from sta-
tistical rotational invariance. The power spectrum is a measure of the spread,
or the variance of the density field.

Working in Fourier space is convenient because it enables us to make use
of the statistical translation symmetry of the density distribution [10]. The
Fourier mode §(k) is an eigenmode of the translation operator, and so the
cosmic covariance matrix in Eq. 1.20 commutes with the translation operator.
In consequence, we have several nice properties: Each Fourier mode §(k) grows
independently in the linear regime; different modes do not correlate and the
covariant matrix Eq.1.20 is diagonal.

Again the reader is reminded that in real surveys the ensemble average
is replaced by the volume average. Omne of the ways to measure the matter
power spectrum is to map out the galaxies in the sky. There have been several
large galaxy surveys devoted to measuring the matter power spectrum, notably
the 2dF Galaxy Redshift Survey (2dFGRS) and the Sloan Digital Sky Survey
(SDSS).

Unlike CMB, which is linear and clean, there are two main obstacles in

constraining cosmology with galaxy surveys. Ideally, the redshift measured is
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Figure 1.6: The distribution of main galaxies (grey/green) and Luminous Red
Galaxies (LRG) in SDSS [5]. These two types of galaxies are singled out from the
SDSS dataset for further analysis. The measured LRGs are as far as z ~ 0.5. This
image of large scale structures provides a glimpse of the primordial fluctuations
spectrum and enables us to constrain the cosmological parameters, especially 2.

due to the Hubble flow only, but real galaxies fall into larger structures and
have random velocities. This will distort the redshift space, causing systematic
deviations in measuring redshift. The second problem arises from the fact
that power spectrum of galaxies may not trace the underlying matter power
spectrum. The mess of the astrophysics of galaxy formation is summarized by
astronomers as a “bias”, b. For simplicity, it is often assumed that b is constant.
Nevertheless, there are techniques that have been developed to attack these
problems. From the data in Fig. 1.6, the SDSS team derived the matter power

spectra, as shown in Fig. 1.7.
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Figure 1.7: Measured power spectra from the LRG and main galaxy samples. The
solid lines are the best fit linear ACDM models, while the dashed lines include
nonlinear corrections. The galaxy bias b are different for these two types of galaxies.
This figure is taken from the SDSS collaboration [5].

1.6 The Energy Density Budget of the Uni-
verse and Outlook

From the observations that we mentioned and others, we are now able to
divide the pie of the contents of the universe with confidence. It is assuring
that various observations involving different techniques and underlying physics
suggest similar figures.

From Eq.1.4, we see that the spatial curvature k£ can be determined using
the present total density (including A) and the Hubble parameter Hy. It is
useful to define the critical density, pet, as

3 1o

Perit = %Ho (123)

The universe is spatially flat if the total density p; is equal to p..;;, spatially

closed if Ptot > Perit and Spatlauy open if Ptot < Perit- Perit is about 10_29 g
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cm ™3 and it turns out that it equals psor.

There are three major components in the universe: baryons, cold dark
matter and dark energy. It is convenient to normalize the density of each
compoent with respect to p..ir, and call it density parameter €. In Table 1.1,
we show the current values of various density parameters measured from the
WMAP and SDSS LRG data [5]. Being able to pin down the values of these

parameters is one of the greatest triumphs of modern cosmology.

Parameter | Meaning (normalized w. r. t. pe.;) | Current value

Qo the total density 1.00370 0%

Qp baryon density 0.0416 79 0012

Qc cold dark matter density 0.1977501%

Qx cosmological constant density 0.76170 0%

Qe spatial curvature —0.003075 0005

Q, neutrino density < 0.024 (95% confidence)

Table 1.1: The values and constraints of various cosmological density param-
eters from WMAP and SDSS LRG data. Error bars are 1o.

Besides their numerical values, what are the components really made of?
Why do they take on these values? A lot of efforts (and hundreds of papers)
have been devoted to addressing these tough questions. Baryons are just the
ordinary standard model (SM) particles such as protons and neutrons. But
for the dark sector, we really don’t know much. Although there are several
occasions demanding the existence of dark matter and we have several SM
candidates, we don’t know exactly what it is (or they are). For the dark
energy, it is more intriguing. It surprised everybody when it was found that
our universe suffused with a smooth energy density with negative pressure.
It is possible that the cosmological constant is due to vacuum fluctuations,
but detailed calculations yield a value that differs from the observed one by
120 orders of magnitude. In addition to a plain cosmological constant, there
are more exotic ideas such as quintessence, other vacuum energy or modified

gravity (see e.g. [14, 15, 16]).
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Today, the connection between high energy physics and cosmology is very
strong because the universe can be a very good testbed for many exotic ideas
in high energy physics. As the energy scale in high energy physics increases
the theories are hopeless to be tested in accelerators. But it is possible to
look for signals from the early hot universe. Formally, the energy scale in
cosmology can be extrapolated to as high as the Planck energy scale 10! GeV,
beyond which we do not have much physical insight. Thus many high energy
physics processes can be realized at least once in the life time of universe.
Another advantage of cosmology is that the universe is big. Gravity is much
weaker than other forces, and so it is extremely difficult to test gravity in the
laboratory without being spoilt by the systematics. However the gravitational
force is dominant over cosmological scales. Deviations of unification theories
or modified gravity from the standard GR may be constrained cosmologically.
The dark sector, especially the dark energy, hardly interacts with the SM
particles except gravitationally. Thus it is natural that they are discovered by
their gravitational actions in large scales.

The ultimate way to select the good models from so many innovative pro-
posals in cosmology and high energy physics is to confront them with real
observational and/or experimental data. By doing so we can eliminate the
bad models or reduce the allowed parameter space, so that investigators can
concentrate on certain types of promising models or the reduced parameter
space. At present we have a large quantity of high accuracy data, and model
builders cannot be arbitrary but have to pay a lot of attention to observa-
tions. On the other hand, those models that survive the tests from various
cosmological constraints certainly deserve our attention.

Realizing that we now have freshly released high precision data from WMAP,
we shall mainly make use of CMB anisotropies to constrain some non-standard
physics models in this thesis. Given that the perturbations are of the order

of 107° only, linear analysis is sufficient for CMB. The CMB spectra are also
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highly Gaussian because the primordial perturbations are Gaussian and the
evolution is linear. CMB is also free of many late time contaminations that
plague large scale structure surveys. We shall discuss the CMB physics more
extensively in Chapter 2.

One of the consequences of physics beyond SM is that the fundamental
“constants” may vary. In Chapter 3, we shall look at the CMB constraints on
the cosmological variation of gravitational constant G. The CMB constraints
will bridge the gap between BBN constraints and many local constraints.

In Chapter 4, we shall constrain a type of modified gravity model, the
f(R) gravity, which is attractive because it may explain the recent cosmic
acceleration. In addition to CMB data, we will also make use of the SDSS and
SNe Ia data because the model we study is expected to deviate from standard
GR at late time significantly.

Extra dimension models are hot these days, partly due to the popularity of
string theory. The existence of extra dimensions provides a natural framework
for variation of constants. We shall investigate and constrain by CMB the

induced variation of constants in a brane world model (Chapter 5).



Chapter 2

Review of CMB Physics

In Section 2.1, we shall review the physics and the cosmological information
that can be learned from the features of CMB power spectra, such as the peak
positions and the relative heights of the peaks. In Section 2.2, we start from

the Boltzmann equation to compute the CMB power specrtum.

2.1 Main Physics of the CMB Power Spectra

In this section, we shall follow the treatments in Ref. [17, 18] to discuss the key
physics that lead to the formation of acoustic peaks and the cosmological infor-
mation embedded in the CMB power spectra. For more complete discussions,

see [8].

2.1.1 Photon-Baryon Fluid

Before the era of CMB recombination z, ~ 1000, electrons act as glue between
photons and baryons with Thomson scattering and Coulomb interaction re-
spectively. We shall model the photon-baryon system as a fluid, which can be
described by continuity equations and Euler equations. Because of the tight
coupling before recombination, it is a good approximation to consider only
the mononpole (temperature), ©, and dipole (velocity), v,, moments of the

photon distribution, and monopole (density perturbation), ¢d;, and the dipole

17
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(velocity), v, moments of the baryon distribution. However, during recom-
bination, the mean free path of photons increases rapidly, and tight coupling
approximation is not sufficient to describe the evolution of the perturbations
in recombination. Deviations from tight coupling would require higher order
multipoles, notably the quadrupole moment of photon distribution, =.,.

We shall work in the Fourier space because each eigenmode evolves inde-
pendently in the linear regime. We can restrict ourselves to a single k mode,
and align the z-axis along the k direction. Hence the perturbation only excite
the m = 0 multipoles. In other words, we have azimuthal symmetry for this
problem.

In the early universe, we assume that the vector perturbation is small and
so we have v, = —ivyl; and v = —ivbl; .

The effect of gravity comes from the perturbations in the metric. Without
perturbations, the metric is simply the FRW metric. In Newtonian gauge, the
scalar perturbations to the FRW metric is diagonal. The Newtonian gravita-
tional potential (the time-time metric fluctuation) is dgy; = 2¥, and the spatial
curvature fluctuation (space-space metric fluctuation) is dg;; = 2a*®3d;;.

With these notations defined, we can write down the continuity equation

for photon temperature

30 = —kv, — 30, (2.1)
where a dot denotes the derivative with respect to the conformal time n

iy = %. (2.2)

The factor 3 in front of © arises because it is the number of photons n.,, which
is proportional to 7%, that conserves, but not the photon temperature 7. The
last term appears because the curvature fluctuations ® perturb the scale factor
a, and the photon temperature T' is proportional to 1/a. Therefore a change

in ® induces a change in the temperature fluctuation ©. Analogously, the
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continuity equation for baryons is
o = —kv, — 30. (2.3)

This equation states the conservation of baryon number. The last term appears
again since perturbation in a due to ® causes the baryon density to change.

Momentum conservation for photons leads to the Euler equation
. k .
Uy = kO + kU — 6™ T(vy — wp), (2.4)
with 7 the differential scattering cross-section given by
T = aneor, (2.5)

where or denotes the Thomson cross-section, and n, is the electron number
density. On the right hand side of Eq. 2.4, £V is the potential gradient, which
drives the potential flow. The infall is counteracted by the stress gradients in

the fluid. In a perfect fluid, there is an isotropic pressure gradient

kép, —  kop,
Pyt py 4py
= kO, (2.6)

while in an imperfect fluid, there is an additional anisotropic stress gradient
km. The coupling term between photons and baryons 7(v, — v) is due to
Thomson scattering, which drives the plasma towards homogeneity. There is

a similar Euler equation for baryons:
. a T
Up = =0 + k¥ + E(vﬂ, — Up), (2.7)

where R is the photon-baryon momentum density ratio

_ PP 3

R ~ 0
pytDy  4py

(2.8)

The physical meaning of the term —gvb is that the physical momentum decays

in an expanding universe and this is called the Hubble drag.
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From these continuity equations and Euler equations, we are going to derive
an oscillator type equation. First of all, we notice that in scales larger than
the photon mean free path 771, k/7 is a small parameter (or, the optical depth

7 is large). Expanding Eq. 2.7 to first order in k/7, we have

P .
v = v, = (0, + gvy — kD). (2.9)

Putting Eq. 2.9 into Eq. 2.4 to eliminate v, and dropping the 7, term, we
obtain
d

g [+ Ryl = kO + 1+ R)Y], (2.10)

we have made use of R = %R.
Finally, combining Eq. 2.10 and Eq. 2.1 yields a forced, damped harmonic

oscillator equation

. a R . k2 a R . .
- PlfO=——¥ - - 2.11
@+a1+R®+ €9 3 al+ R ’ ( )

where we have defined the sound speed of the photon-baryon fluid, ¢, as

oo L
* T 3(1+R)

(2.12)

C

The presence of baryons makes the fluid more sluggish. The Newtonian po-
tential ¥ and temporal change of ® serve as driving forces of the oscillator.
So, Eq. 2.11 basically describes the acoustic oscillation caused by the competi-
tion between the gravitational driving force and the restoring stress gradients.
This oscillation causes compression and rarefaction of the plasma and evenu-

tally leads to the cold and hot spots that we observe in the temperature map.

2.1.2 Initial Conditions

To solve Eq. 2.11, we need the initial conditions. The standard picture is that
the initial conditions are set by inflation, in which the universe undergoes an

exponentially rapid expansion prior to the radiation-dominated era, resulting
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in more than 60 e-folds increase in size. In most models, the inflation is driven
by a scalar field, called inflaton. Inflation solves the problems why the universe
is so flat (the flatness problem) and why the seemingly causally unconnected
parts of the universe have the same CMB temperature (the horizon prob-
lem). In this paradigm, the quantum fluctuatons are magnified by inflation
and subsequently form the fluctuations embedded in CMB (so we are quantum
mechanical in the sense that we come from quantum fluctuations). These fluc-
tuations provide the initial conditions for acoustic oscillation. Gravitational
infall into the potential wells gradually generates the large scale structures in
the universe today.

Because an exponential expansion is self-similar in time, the fluctuations
are scale-invariant. The energy carried in the fluctuations of the inflaton per-
turbed the spatial curvature, resulting in slight deviation from perfect flatness
in each scale. We have argued previously that curvature perturbations give
rise to temperature fluctuations through the perturbation on the scale factor.

In the simplest inflationary models, the stress-energy of the universe is
perturbed such that on large scales it can be characterized by a single, spatially
uniform EOS, and this type of perturbation is called adiabatic. Inflation sets
the phase of the oscillators at different scales in phase. Another popular type of
initial conditions, called the isocurvature perturbations, seeks to obey causality
and perturb the EOS locally. Such models generally predict the phases of the
oscillators to be scale dependent, and this causes the coherent peaks to be
washed out. Observation of coherent peaks with a vanishing phase gives a

strong support for inflation.
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2.1.3 Acoustic Peaks

We now solve Eq. 2.11. To solve it accurately, the algebra would be rather
involved and the solution is complicated. It is instructive to consider a matter-
dominated universe with negligible baryon content. Thus we can set ® and ¥
to constant and R = 0.

If the oscillator is initially displaced but with negligible velocity, the tem-

perature fluctuation and velocity are given by

©+ V] (k,n) = [©+Y](k,0)cos(ks),
vy (k,n) = V3[0+ 0] (k,0)sin(ks), (2.13)

where s is the sound horizon defined as

1
SE/ csdn. (2.14)
0

Note that we deliberately write the effective temperature as © + ¥ because it
is the observed one. We can understand this by imagining a photon emerging
from a hot spot of temperature fluctuation ©; it will be redshifted by an
amount of ¥ as it climbs out of the potential well. Thus we will see the
outgoing photon with temperature © + W.

From Eq. 2.13, we see that the temperature at large scales (ks, < 1) hardly
evolves and the initial condition is preserved; the temperature at the small
scales exhibits temporal oscillations due to the competition between pressure
gradients and gravity. The smaller is the scale (large k), the larger is the fre-
quency of oscillation. All the oscillations are frozen in at CMB recombination.
Let s, denote the sound horizon at CMB recombination; then the maximum
or minimum temperatures are attained when k,, = nw/s.. The point is that
these extremum temperatures show up as peaks in the CMB temperature
power spectrum. Hence we expect to see a series of acoustic peaks correspond-

ing to k,. The velocity is 7/2 out of phase with the temperature. It does not
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generate coherent peaks in the temperature power spectrum. Nonetheless, we
shall see that it is the prime mover of the polarization peaks.

The physical scale (k) on the last scattering surface projects to us as an-
gular scale (1/1) in the following geometrical way. The symbol [ is the order
of multipole moment. A spatial inhomogeneity of wavelength A\ at the last

scattering surface is seen by us today as an angular anisotropy characterized

D,
A

by angle 6 roughly by the relation 8 ~ == where D, is the angular diameter
distance between us and the last scattering surface. In harmonic space, we
have a similar relation

I, ~ nly, (2.15)

with [, = 7D,/s.. In a spatially flat universe, D(n,) = 1y — 1. = 19, where 1

is the present conformal time. For a non-flat universe,

D) — Rsin(£) if Q4 >0, (2.16)
Rsinh(4) if @ <0,
where d is the coordinate distance, and R is the radius of curvature R =
(Ho/12—1])~".
Therefore the overall peak positions are sensitive to the spatial curvature
of the universe. In particular, we expect the first peak to be located at | < 220
for a spatially open universe, while [ > 220 for a spatially closed one. Mea-

suremeant of the position of the first peak at [ =~ 220 is a strong confirmation

of the flatness of the universe.

2.1.4 Baryons in Action

In this section we add baryons back to the plasma to see its effects on the
acoustic peaks. We consider a matter-dominated universe with a constant yet
non-zero R. The solution to the SHO Eq. 2.11 becomes
©+ VY] (k,n) = [©+ (14 R)¥](k,0)cos(ks) — RU(k,0)
1
= (1+ 3R)§\If(k:, 0) cos(ks) — RV (k,0), (2.17)
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where we have used, in the last line, © + ¥ = %, the Sachs-Wolfe effect,
in a matter-dominated universe. Besides slowing down the sound speed by
Eq. 2.12, the baryons also increase the amplitude of oscillation by a factor
of 1 + 3R and shift the equilibrum point of oscillations. The shift of the
equilibrium position by an amount of —RW(k, 0) breaks the symmetry between
odd and even peaks. In the standard model, the baryons increase the power
of odd peaks and suppress the power of even ones. Therefore, by observing
the heights of the odd peaks and even peaks the abundance of baryons can be

constrained.

2.1.5 Damping

The baryon-photon fluid has slight imperfections due to shear viscosity and
heat conduction. These two effects have been included in Eq. 2.4 and 2.7 by
the anisotropic stress term 7, and momentum exchange term 7 (v, —v). When
the optical depth is large in the sense that k/7 > 1, the fluid is isotropic in the
rest frame and heat conduction is negligible. The presence of the imperfections
damps the acoustic oscillations.

The viscosity term is proportional to the quadrupole moment, which is
caused by the velocity gradient kv., while the anisotropic stress is eliminated by
scatterings, the effectiveness of which is characterized by 7. Hence 7, o kv, /7.
Using Eq. 2.1 kv, = —30, we see that viscosity gives rise to a damping term in
the harmonic oscillator equation. Heat conduction terms can be shown to yield
a similar term in the equation. Therefore, we expect that there is an extra
damping factor of the order exp(—@) in the solution of damped oscillator

equation. Hence we can define a characteristic damping scale kg :

kg = \/; (2.18)

which is the reciprocal of the geometric mean of the Hubble horizon n and

1

the photon mean free path 7='. The damping effect can be visualized as
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random walk of photons between hot spots and cold spots, through which the
distinct temperature anisotropies are blurred. Thus we expect damping to be
most serious for the small scales and the high order multipoles are washed
out. Indeed, numerical calculations give kys, ~ 10, and so the peaks beyond
the third peak are substantially suppressed, which also agrees with current

observations.

2.1.6 Polarization

The Thomson scattering of photons off an electron can generate polarization.
The differential scattering cross-section is given by

3—?2 = &%V@- ks)?, (2.19)
where l%z and kAS denote the incident and outgoing photon directions respec-
tively.

However, it can be shown that if photons incident in the distributions of
monopole and dipole towards an electron, the scattered radiation is unpolar-
ized. We need the quadrupole of the photon distribution to give net linear
polarization. Furthermore, Thomson scattering cannot produce circular po-
larization. Quadrupole is of the order kv,/7, and so we expect the polar-
ization to be down by a factor of k/7(n.). Polarization is generated during
CMB recombination because polarization formation needs both anisotropies
and free electrons. Prior to CMB recombination, scattering quickly wipes out
the anisotropies; after CMB decoupling, there are no free electrons as scatter-
ers. Numerical calculations show that the power of CMB polarization is about
10% of its temperature counterpart.

Polarization is a “headless vector”, and so it is unchanged upon rotation of
the coordinate system by 180°. CMB polarization is usually described in terms
of F and B modes, which are scalars and have definite parity under inversion.

In the linear theory, scalar perturbations generate E-mode polarization only.
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In contrast to peaks in the temperature power spectrum, whose primary
source is monople of the photon distribution, the peaks in polarization power
spectrum are due to v,. Recall that in Eq. 2.13, v, is out of phase with ©;
this is the reason why the temperature power spectrum is also out of phase
with the polarization. Because of the phase relation, polarization is correlated
with temperature. The temperature-polarization power spectrum C7 % exhibits
twice the acoustic frequency because CJF ~ sin(ks,) cos(ks.).

CMB polarization can be used as a consistency check because it can be
constructed once the temperature power spectrum is obtained. Polarization is
also useful to break the degeneracy between some of the cosmological parame-
ters. Finally, it allows us to probe the last scattering surface directly because

it is mostly affected by the physics during CMB recombination.

2.2 Computation of CMB Power Spectrum

We will illustrate how the CMB power spectrum is computed from the Boltz-
mann equation. Unlike in previous section, we will consider the temperature
perturbation, Ar instead of just the first few moments. The roadmap is that
we first derive the so-called line-of-sight integral solution, which is a an integral
of the product of perturbations and some exponential functions over the con-
formal time (line-of-sight). We then integrate over all the k£ modes to get the
total perturbations. From the photon perturbation, we can compute the power
spectrum. We shall see that the tight coupling solutions, i.e., the monopole,
dipole and quadrupole free stream to form high order multipoles because of the
geometric projection. Mathematically, the transformation is realized through
the intermediary spherical Bessel function j;. We shall demonstrate the pro-
cedures with temperature perturbation. For polarization, the procedure is
similar and one may refer to [19].

We will denote the direction of line-of-sight (or the photon direction) n and
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the direction of perturbation k is chosen to be parallel to the z-axis. The direc-
tion cosine 71-k is denoted by p. The full Boltzmann equations for temperature

perturbation Ar(k,n, 1) and polarization perturbation Ap(k,n, 1) are

. . 1

AT + Zl{?,LLAT == —’Lk,u\lf — ¢ + T |:—AT + AT() - i/wb - §P2(/L)H (,220)

. 1

AP + ik:,uAp = 7T |:—Ap + §P2(,M)H:| y (221)
I = Apy+Apy+ Aps, (2.22)

where Pj(u) is the [th Legendre polynomial.

We want to find the line-of-sight integral solution to Eq. 2.20. First, move
7Ar to the left hand side and multiply both sides by the integrating factor
e =7 where

10 )
(n) = / '+ (). (2.23)
U
After a little bit of manipulations, Eq. 2.20 becomes

d i —T i —T
ZE@W”Aﬂ:eW7& (2.24)

where for simplicity we have defined

Szﬂ@@—¢+fpm—w%—%gmm} (2.25)
Integrating, we have

Ar(k,mg, ) = e~ wmo /770 dne* =73, (2.26)
0

where we have used, by definition Eq. 2.23, 7(19) = 0, and the fact that 7(0) is
basically infinite. It is desirable to separate the geometry (u) from the “source”
(S). In fact this can be done using integration by parts. Let’s illustrate with
a function A(n, p):

1

[ et e Ay = e A, )
0 ikp

oo
- / dne’k“(”_"O)i(e_TA(n,u)) (2.27)
0 dn
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Note that the surface term at n = 0 is zero. For the surface term at 7, as
S is quadratic, it would contribute to the monopole and dipole in the power
spectrum, but they are irrelevant because the monopole term contributes to
an overall temperature, and the dipole term is interfered by our own orbital
velocity. Thus we can discard the surface terms. The rule is to replace each p

in S by
1 d

Therefore we now have

10
Aok, o, 1) = / e Ha=10) 5 (., ), (2.29)
0

with the source function S

— G 1 3
S(k,n) = (VY —@)e” (AT0+?+\II—|—4H+@H)

3 3
i ( k+@n) G (2.30)

where we have defined the visibility function

g(n)=71e . (2.31)

This function is sharply peaked about the last scattering surface; it can be

interpreted as the probability density that a photon is last scattered at 7.
Now we are in a position to sum over all the k modes to get the total scalar

contribution to the temperature perturbation. The temperature perturbation

in the direction n is

oT .

T = [ () An k.10, (2.32)

where £(k) is the primordial density perturbation field satisfying

(€ (k1) (ka)) = P(k1)d(ky — ka), (2.33)

where P(k;) is the primordial power spectrum.
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Recall that the temperature power spectrum is defined as

1 *
zTT = 2l—+1 s (@ pmTim)

where ary, is given by

orT
aTim = /dQYz;@(ﬁ)T(ﬁ)

Putting Eq. 2.35 into Eq. 2.34 and making use of Eq. 2.32, we get
2

1
Tr __ 3
=5 CkP(k) >

/ 4Oy () A (70, b 1)

m

Substituting A7 by Eq. 2.29, and noticing that
/ dQY;y, ()™ ™M) = /A (20 + 1)(=i) i [k (o — )] o,
we finally have
1
0

crr = (n)? [ awipin) { " Sk, m)lk(mo — )P

29

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

In fact the integral inside the square bracket is the /th order moment of the

the perturbation Ag(k,no). CI7 is the temperature power spectrum that we

seek.

The power spectrum C/7T completely characterizes the covariance matrix

of ary, by the relation

TT
<a§‘l/m/aTlm> = Cl 61[’5mm"

(2.39)



Chapter 3

Constraints on Variation of the

Gravitational Constant by CMB

We make use of the CMB power spectra to constrain the cosmological variation
of Newtonian gravitational constant G in this Chapter. The variation of G is
modeled by a step function and a linear function of scale factor a respectively.
It is found that the sensitivity of CMB to the variation of GG is enhanced
when we require GG to converge to its present value. This Chapter is organized
as follows. In Section 3.1, we describe the current constraints on variation
of G and the theories that provide a natural platform for G to vary. Our
parametrizations for the variation of G are given in Section 3.2. The effects of
variation of G on the CMB power spectra are investigated in Section 3.3. In
Section 3.4, we study the constraints on the variation of G by the three-year
WMAP data using the method of Markov Chain Monte Carlo (MCMC) and
discuss the results obtained. Section 3.5 is devoted to the conclusion. This

Chapter is very similar to our paper published in Phys. Rev. D ' [20].

K. C. Chan and M.-C. Chu, Phys. Rev. D 75, 083521 (2007)
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3.1 Current Constraints on (G and Theoretical
Motivations

One of the fundamental questions in physics is whether the fundamental con-
stants are truly constant. Indeed the possibility of cosmological variation of
“constants” has long been proposed [21]. Among the fundamental constants,
the gravitational constant G is the least accurately measured. The value of
GG is measured in the laboratory and applied to all scales. To check for the
constancy of GG, tests should be done at different spatial and temporal scales.
There are many tests at redshifts of order 0. For example, the lunar laser rang-
ing experiment, which monitors the distance between the earth and the moon
by laser ranging technique, can be used to put a bound on the variation of G
[22]. If G varies during the history of the earth, the surface temperature and
size of the earth would change. However the earth does not preserve a good
record of the gravitational conditions. Increase in G causes the Sun to burn
at a faster rate, and the depth of the convective zone is affected, which can be
observed in the vibrational modes of the Sun, in particular the p mode [23].
Since an increase in G also shortens the life spans of stars, the ages of stars in
globular clusters can be used to put a constraint on the deviation of G from
its present value [24]. Because the Chandrasekhar mass M¢y, oc G—3/2m?
sets the mass scale of neutron stars, by observing the masses of neutron stars
formed at different redshifts, limits on G in the past 10 Gyr or so have been
derived in [25]. The highest redshift, of about 10'°, constraint comes from Big
Bang Nucleosynthesis (BBN). An increase in the expansion rate during the
epoch of BBN causes the freeze-out to occur earlier, and the abundances of
neutron and hence ‘He are enriched [26]. For details of various experiments
and observations, see the review article by Uzan [27] (see also [28]).

On the theory side, there have been grand unification theories and string/M

theory motivated models predicting that some of the fundamental “constants”,
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such as the fine structure constant o and the Newtonian gravitational constant
G, may vary over time. In theories with extra dimensions, the effective grav-
itational constant in 4D spacetime depends on the more fundamental mass
scale in the bulk and the size of the extra dimensions [29]. If the size of the
extra dimensions evolves over time, the effective constants in 4D will vary as
well. For example, the DGP model [30] has been put forward to explain the
recent observation that the universe is in an accelerating phase without invok-
ing the dark energy. It was argued that the acceleration is due to the leakage

of gravity into the extra dimensions.

3.2 Parametrization of ¢

To select promising ones from the myriads of models in the literature, one
may constrain possible variations of the fundamental “constants” using obser-
vational data. There have been efforts trying to constrain the possible variation
of G using cosmological data. In particular, since the Cosmic Microwave Back-
ground Anisotropies is sensitive to many cosmological parameters, it could be
used to constrain the variation of G. CMB is unique because it offers a long
look back time. The physics of CMB is particularly clean as it involves only
well known physics in the linear regime. One approach is to constrain the
variation of G in some particular types of models, e.g. the CMB spectra in
the Brans-Dicke cosmology are discussed in Ref. [31, 32]. However, given the
multiplicity of models in the literature, it seems more practical to use a simple
and generic parametrization for G. In [33, 34|, the authors have used the CMB

power spectra to constrain the possible variation of G with a parameter A\ as
G = NGy, (3.1)

where G is the present laboratory-measured value. It was assumed that X is

a constant over the age of the universe (and only suddenly becomes 1 at the
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present time). However this assumption is unrealistic since we know that G
should converge to its present value to avoid conflicts with other experiments
and observations. We shall call the convergence of G to its present value stabi-
lization. One can imagine that G may vary in many different manners over the
history of the universe, and so it is hopeless to deal with all possibilities one by
one. In this Chapter we study two generic stabilization schemes. One of them
is instantaneous stabilization. That is we consider an abrupt gravitational

transition and model the variation of G by a step function:

Aifa < as,

M= (3.2)

1 ifa>as,

where a is the scale factor and a, is the scale factor at which stabilization
occurs. Another is that G varies smoothly and we parametrize it as a linear

function of a:

A2 if a < ay,
N=q1-2=t(1-)\3) ifa.<a<a,, (3.3)
1 if a > a,,

where a, is the scale factor at the time of photon decoupling. Our main goal
is to constrain the range of A2 in Eq. 3.2 and Eq. 3.3. We assume that the
underlying mechanism for the variation of G does not affect other physics so
that the standard CMB calculation with the modifications of Eq. 3.1- 3.3 is

valid. The Friedmann equation is modified as

N 2
<i) = \%(a)H%(a), (3.4)
with
Q Q
B0 = 1 (S ) (35)
a a
where a dot denotes derivative with respect to the conformal time, Hy is the

present Hubble parameter, €2,, is the density parameter of the non-relativistic



Chapter 8 Constraints on Variation of the Gravitational Constant by CMB 34

matter, (2, is the density parameter of radiation, and 2, is the density pa-
rameter of the cosmological constant. Note that we consider a flat universe

here.

3.3 Effect of Variation of G on the CMB Tem-
perature and Polarization Power Spectra

It has been pointed out in Ref. [33] that the CMB angular power spectrum
does not change using the simple prescription Eq. 3.1 as far as the dynamical
equations are concerned. The ratio between the sound horizon and the dis-
tance to the last scattering surface (LSS), ©, will not change if both are blown
up by the same factor due to the varied gravitational constant in the flat uni-
verse. However, the scaling is not perfect since the recombination physics does
introduce another scale. The recombination is dictated mainly by the binding
energy of hydrogen atom, which is not affected by a change in the gravitational
constant. If the expansion rate is greater during the epoch of recombination,
it will be more difficult for the protons and electrons to recombine, and the
ionization fraction x. will increase. Recall taht the probability density that a
photon last scatters at a conformal time 7 is given by the visibility function
[17],

g(n) =7e7, (3.6)

with

T = an.or, (3.7)

where n. is the number density of electrons and op is the Thomson cross-
section. The increase in z. broadens g(n), resulting in more severe damping
of the high [ peaks. However the duration that the photons stay in contact
with the LSS is also shortened as the expansion rate is greater. Because the

two effects partially cancel each other, the damping is not increased much even
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when G is increased by a large amount. In Fig. 3.1, we show the temperature
power spectra for A2 = 0.5 and 3 compared to the unchanged one (A3 = 1)
for the case of of instantaneous stabilization with the stabilization redshift
Zg = ai —1 = 0. A large change in G is required for noticeable changes in
the spectra. The damping effect can be partially compensated by reionization,
and so the details of reionization such as the degree of reionization affect the

sensitivity of the spectra to .
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Figure 3.1: The CMB temperature angular power spectra for three values of the
Newtonian gravitational constant with instantaneous stabilization zg = 0. The solid,
dotted and dashed curves correspond to )\(2) =1, 0.5 and 3 respectively. The damping
effect is only noticeable for I > 500.

The above conclusion that the CMB angular power spectrum is not sensi-
tive to the value of GG is based on the assumption that the gravitational constant
remains different from the present laboratory-measured-value till “yesterday.”
However G' must converge to its present value so that there is no conflict
with the low-redshift constraints. When G changes as described in Eq. 3.2
or Eq. 3.3, the expansion history of the universe is modified, the fractional
change in the sound horizon at the epoch of decoupling is different from that
in the conformal distance to the LSS, and the resultant CMB spectra will be
distorted. Fig. 3.2 shows the temperature power spectra with instantaneous

stabilization at 2z, = 0 and 10. Note that the “standard” spectrum (A3 = 1
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and z, = 0) nearly coincides with the one for A\2 = 1.2 and z, = 0. If, however,
the stabilization redshift is at z, = 10, the spectrum for \3=1.2 (0.8) shifts
to larger (smaller) [ scales. In fact, it is conceptually simpler to compare the
one for A3 = 1.2, z; = 0 to the one with A3 = 1.2 and 2z, = 10. The size of
the sound horizon is the same for both cases while the distance to the LSS is
increased for z, = 10; as a result ©® becomes smaller and the spectrum shifts
to high [ scales. The same argument applies to the one with A2 = 0.8 and
zs = 10, but with the opposite effect. Because of the dramatic gravitational
transition, we observe an enhanced late Integrated Sachs Wolfe (ISW) effect

in the small [ scales.
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Figure 3.2: Same as Fig. 3.1 but with spectra with z5 = 10 in contrast with those
with zg = 0. The standard spectrum (solid) nearly coincides with the one with
A = 1.2 and z; = 0 (dot-dashed). When instantaneous stabilization occurs at
zs = 10, marked shifts to larger (smaller) [ scales result for A2 = 1.2 (dotted) (0.8
(dashed)).

We observe similar sideway shifts in the E-type polarization and TE cross
polarization spectra as well. In Fig. 3.3, we show the E-polarization power
spectra with instantancous stabilization at z, = 0 and 10. In Ref. [33], the
authors proposed that the degeneracy between the expansion rate and the
scalar spectral index n, can be lifted by measuring the polarization, because

the formation of polarization is proportional to the width of the visibility
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function. An increase in G causes the power of the polarization spectrum to
increase in small [ scales and then decrease in large [ scales. But the effect of

stabilization is much more appreciable.
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Figure 3.3: The E-polarization spectra with instantaneous stabilization at zg = 0
and 10. The peaks shift to larger (smaller) [ scales for A2 = 2 (0.6) when in-
stantaneous stabilization takes place at z; = 10, in contrast to the cases without
stabilization (z5 = 0).

When G varies linearly with a, its effects on the CMB power spectra are still
dominated by the sideway shifts discussed in the instantaneous stabilization
scenario, as can be seen in Fig. 3.4. The effects are qualitatively similar for
the two stabilization schemes that we use.

Since our prescription is simple, we can easily estimate the amount of shift
in the CMB spectrum due to stabilization. This calculation is similar to that
of the CMB shift parameter [35]. From Eq. 3.4, we have the conformal distance
to the LSS

1
da

dy =n9— 1 = —_ 3.8

won= [ 25

where 7, is the present conformal time, and 7, is the conformal time at CMB

decoupling. One immediately sees that if \g is larger, the conformal distance

will be smaller. This is reasonable because it takes less time for the universe
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Figure 3.4: The effects of linear variation of G on the temperature power spectrum.
The solid line shows the spectrum when there is no variation of G. When A3 = 1.2
(0.8), the peaks shift to larger (smaller) [ scales. a is set to be 1.

to expand to its present size. The peak positions in the CMB temperature

angular power spectrum in a flat universe can be characterized by [17]

Iy, ~ Nﬂ'%, (3.9)

Ts

where r, is the sound horizon:

s
7’3:/ csdn. (3.10)
0

The sound speed ¢, is given by

1
T — 3.11
with
R=308 (3.12)
4 py

where pp and p, are mass densities of baryons and radiations respectively. It
should be pointed out that the sound horizon also depends on A through 7.
Hence if Ay > 1 at the epoch of CMB decoupling, the size of the sound horizon
will also be smaller. In fact, the reduction rates for d, and r, are the same if

there is no stabilization; the effects of A are exactly cancelled, a manifestation
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that the peaks do not shift if there is no stabilization. However, when there
is stabilization, two different scales will be introduced and the peak positions
will shift.

We now illustrate with the case of instantaneous stabilization. The calcu-
lations can be simplified by noting that if there is no stabilization, the peaks
do not shift even if A3 # 1. The sound horizon is the same irrespective of
stabilization if it takes place after decoupling. Hence we only need to compare
the conformal distance between the case with stabilization and the one without

it:

5d. = duns — dus (3.13)
L/ da

- - ) 14

/as <Ao )a?H(a)’ (3:14)

where the subscript yg denotes no stabilization and g denotes with stabiliza-
tion. From Eq. 3.9, the shifts in the peak positions due to the change in G are
given by

s, = “T4d,. (3.15)

T's

Plugging in the standard ACDM model parameters, we have

Sl ~ 508n(Ao — 1)(0.558 — 1/0.311a,). (3.16)

One may proceed similarly for linear variation of G, but it is too cumbersome
to write down the results explicitly. We display 6l,,/n = 7d(d./rs) against A3
in Fig. 3.5. We see that the shift in [ from the simple arguments here agrees
with the full numerical calculations in Fig. 3.2 and Fig. 3.4. Furthermore, the
curve by the simplified formula in Eq. 3.16 tracks closely the one from complete

calculations of r, and d.,.
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Figure 3.5: The left (right) panel shows 81, /n = 7d(d./7s) vs. A3 for instantaneous
(linear) stabilization. For the plot on the left, the thick (red) solid curve corresponds
to as=0.1 and the dashed curve to a;=0.5. The dots correspond to dl,,/n averaged
over the first three peaks of the spectra in Fig. 3.2 ()\(2) =122, = 10 and )2 =
0.8,z; = 10). The two thin solid (black) curves are obtained using the simplified
formula Eq. 3.16 for as = 1 and 0.5 respectively. On the right, the solid and dashed
curves correspond to linear stabilization with as = 1 and 0.5 respectively. Similarly
we denote by the dots the average dl,,/n in Fig. 3.4 for a; = 1, and A\3=1.2 and 0.8
respectively.

3.4 Constraining G by MCMC and Discussions

Because the CMB angular power spectra are sensitive to various parameters,
to be consistent, other relevant parameters should also be varied when fitting
with data. A popular means is to make use of the Markov Chain Monte Carlo
(MCMC) method (see Appendix A for introduction). With the temperature
and polarization spectra computed by the Boltzmann code CMBFAST [36],
we employ the public MCMC engine CosmoMC [37] to explore the parameter
space. Since the Hubble parameter Hy is measured to rather good precision
by the HST key project, we take Hy = 72 [1]. The constraints we get are
not sensitive to this restriction. Thus the free parameters that we vary are:
wp = Qph?, wepu = Qepwrh?, e, the reionization redshift, n,, the index of
the primordial perturbation spectrum, A, the normalization amplitude, A,

and the stabilization redshift z;. We use the three year WMAP data [4, 38] to
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constrain these parameters.

First of all, we do not consider stabilization; that is, we assume that z, = 0.
Imposing the prior that A2 < 2.2, we get the constraint on A2 to be [0.91,
2.20] at 95% confidence level. The bounds seem to be sensitive to the prior
on G. The weak constraint on G is expected given the small change in the
CMB power spectra even for relatively large variations in G as discussed in
Section 3.3. Now we implement the instantaneous stabilization parametrized
by Eq. 3.2. Since there are already tight constraints on the variation of G
at redshifts of order 0, we impose the prior of In z, > 0. On the other hand,
we want to constrain the variation of G after CMB decoupling, and thus we
impose the prior that Inz, < 6.8. The marginal distributions of A3 and In z,
are shown in Fig. 3.6. The 20 confidence intervals of A3 and In z, are [0.95,
1.05] and [0, 5.57] respectively. With stabilization, the confidence interval of
A2 shrinks substantially. In Fig. 3.7, we show the contour plot of the joint
marginal distribution of A2 and In z,. The triangular shape of the distribution

is due to the fact that the constraint on A2 is tighter if In z, is larger.
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Figure 3.6: The marginal distributions of A3 and In 25 obtained using the three-year
WMAP data set in the instantaneous stabilization scenario. Here and thereafter,
the maximum of the distribution is normalized arbitrarily to 1.
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Figure 3.7: The contour plot of the joint distribution of A2 and In z; constrained
using the three-year WMAP data set in the instantaneous stabilization scenario.
The inner and outer solid lines are the 68% and 95% confidence level contours
respectively.

We now turn to the linear stabilization given in Eq. 3.3. For smooth vari-
ation, we set z, = 0. The marginal distribution of )\g for z, = 0 is shown in
Fig. 3.8, and the resultant 95% confidence interval of A3 is [0.89,1.13].

Translating the above constraint on the linear parametrization of G to the
common form G/G, we get G/G = (=9.6 ~ +8.1) x 10712 yr~'. This is
complementary to the constraints from neutron star mass and BBN, which
constrain the variation of G in the regimes of redshifts 0 ~ 4 and 10'° respec-

tively [28]. The results are summarized in Table 3.1. We see that the CMB

redshift | G/G yr!
Lunar laser ranging [22] | 0 (1+£8)x 107"
Neutron star mass [25] | 0~ 4 (—0.6 £2.0) x 1072
CMB (WMAP) 0 ~ 1000 | (—9.6 ~8.1) x 1072
BBN [26] T (27 ~21)x 101

Table 3.1: The constraints on the variation of G at various redshifts. The
CMB constraint fills the gap in the “redshift ladder” in between neutron star
mass and BBN.

power spectra can extend the constraint on the variation of G to a large range

of redshifts that other experiments and observations cannot reach. Improving
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Figure 3.8: The marginal distributions of A3 for the linear stabilization scenario
in Eq. 3.3 with 2z, = 0 and z; = 0.8 respectively, constraint using the three-year
WMAP data.

the low-redshift bounds on G helps to tighten the bounds at high redshifts
because we can set z; to a large value. This is supported in Fig. 3.7 for in-
stantaneous stabilization and also for linear stabilization in Fig. 3.8, where we
also plot the marginal distribution of A2 with z, = 0.8. The allowed range of
A2 is smaller than that of z, = 0.

Although we only consider two types of parametrizations, they in fact en-
compass a large class of models in which G varies monotonically after photon
decoupling. If G varies sharply near some redshift z,, this can be approxi-
mated by the parametrization Eq. 3.2, and the contour distribution in Fig. 3.7
can be applied. On the other hand if G varies in a smooth manner, the linear
parametrization Eq. 3.3 can be a good approximation.

We note that other cosmological parameters that we also vary agree well
with the standard ACDM cosmological parameters given in [39], and so we
do not bother to write them down. Without stabilization, all cosmological
parameters are still within 20 from those in the WMAP paper. The agreement
gets better when we take stabilization into account. In these cases, all are

within 1o.
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From the MCMC runs, we can analyze the degeneracy between A2 and
other cosmological parameters. We see that A2 has some degeneracy with wp,
wepy and ng. The degeneracy with wp and wepys can be understood by the
fact that A and w; (i = B or CDM) appear in the Friedmann equation as
the product A3w;. The change in relative amplitudes on different scales due to
A2 can be compensated by changing the relative amplitudes in the primordial
perturbations characterized by ns [33]. As mentioned earlier, for instantaneous
stabilization, A3 is quite strongly degenerate with In z,. Tt is well-known that
the effect of curvature on the spectrum is to shift it sideways, somewhat similar
to the effect of stabilization of GG, which is the most important contribution to
our constraints. Thus we expect that our bounds on A\? will be weakened by
the inclusion of curvature in the fitting.

Since the upcoming Planck satellite mission is going to probe the temper-
ature power spectrum to as high as [ ~ 2500 and the E-polarization spectrum
to [ ~ 1500, we expect that there will be tremendous improvement in the
constraint on A\2. We can forecast the improvement that Planck will bring us
quantitatively using the Fisher matrix, which has been widely used to predict
the expected uncertainties in future experiments (see e.g. [33, 40] or Appendix
B). Under the assumption of Gaussian perturbations and Gaussian noise, the

Fisher matrix takes the form

0Cxq _,0Cy,
F..— E E 1
ij : - i (COley) ; s (3 7)

where p; is the ith free parameter and C'x; is the [th multipole of the observed
spectrum of type X, which can be the temperature, temperature-polarization
and E-polarization spectra. The experimental precision is encoded in the co-
variant matrix Cov;xy. We find that with the temperature power spectrum
alone the current constraint is improved by a factor of 8; when the polarization
spectrum is included, the bounds will be tightened by a factor of 11 relatively
to our current bounds. The CMB constraints on G'/G will be potentially one
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of the best constraints. Furthermore, it is possible to strengthen the constraint
by including the matter power spectrum as well since enhanced ISW effects
are induced by the gravitational stabilization.

Finally, we would like to comment on our assumption that G varies ho-
mogeneously in the whole universe. In Ref. [41], Mota et al. consider the
possibility of gravity being spatially inhomogeneous. Using exact solutions
in the scalar-tensor theory, they model the gravity inside the inhomogeneity
as a small spatially closed universe and match the boundary conditions with
the background solution. They find that, due to nonlinearity, the gravita-
tional constant inside the overdense region departs from the background one.
According to their results, G in our cluster is likely to be different from the
background one. Since analysis of CMB is in the linear regime, the G it con-
strains is the cosmological one. In the inhomogeneous gravity scenario, since
there is no reason that the cosmological G should converge to our local one,

our constraints will be relaxed.

3.5 Conclusion

Previously, CMB was used to constrain the variation of G without considering
stabilization. Not only are the resultant limits weak, but also this assump-
tion does not respect many tight local constraints. In this work we consider
two simple and generic parametrizations of GG, the instantaneous stabilization
and linear stabilization. Stabilization causes appreciable sideway shifts in the
CMB power spectra, and hence the sensitivity of CMB to the variation of
G is enhanced. We use the three-year WMAP data to constrain the model
parameter(s) and other cosmological parameters. For the case of instanta-
neous stabilization, we simultaneously constrain A2 and In z, to [0.89, 1.13]
and [0, 5.57] to 20 intervals. For the linear stabilization scenario, z is set to

0 and we get the 95% confidence interval [0.89, 1.13], which is equivalent to
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G/G = (=9.6 ~ 8.1) x 1072 yr~'. Although we only concentrate on two types
of parametrization, our results can be applied to a large class of models in
which G varies monotonically after CMB decoupling because the variation of
GG in many of these models can be approximated by either a step function or
a linear function. The constraint derived from CMB extends the bounds on G
up to the redshift of about 1000, and so it is complementary to other experi-
ments and observations. In particular, it fills the “redshift gap” between BBN
and the neutron star mass constraints. With the forthcoming Planck data, the

constraints will be improved by a factor of 10 or so, and the constraints on

G/G from CMB may be one of the best ones.



Chapter 4

Constraints on f(R) Cosmology

in the Palatini Formalism

In the general relativity (GR), the metric g4 is the only fundamental dynamical
field; yet in some alternative gravitation theories, both the metric and the
connection I' are independent dynamical fields. This approach is called the
Palatini formalism. The Palatini formalism yield the standard GR as the
metric approach if the Lagrangian density is a linear function of the Ricci
scalar R. However, a priori the Lagangian density can be a nonlinear function
of R, denoted by f(R).

In this Chapter we make use of the gauge invariant perturbation equations
in general theories of f(R) gravity in the Palatini formalism to linear order and
calculate the cosmic microwave background (CMB) and matter power spectra
for an extensively discussed model, f(R) = R + a(—R)”, which is a possi-
ble candidate for the late-time cosmic accelerating expansion found recently.
These spectra are discussed and found to be sensitively dependent on the value
of 3. We are thus able to make stringent constraints on 3 from cosmological
data on CMB and matter power spectra: The three-year Wilkinson Microwave
Anisotropy Probe (WMAP) data alone gives a constraint |3| < O(1073) while
the joint WMAP, Supernova Lagacy Survey (SNLS) and Sloan Digital Sky

47
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Survey (SDSS) data sets tightens this to 3 ~ O(107%), about an order of mag-
nitude more stringent than the constraint from SDSS data alone, which makes
this model practically indistinguishable from the standard ACDM paradigm.

The Chapter is organized as follows. Sec. 4.1 is the introduction. In
Sec. 4.2, we will first review briefly the theory of f(R) gravity in the Palatini
formalism, and we then present the perturbation equations. Then in Sec. 4.3
the CMB and matter power spectra for different choices of parameters are
displayed and discussed, and the constraints from various data sets will be
presented. Finally, we conclude in Sec. 4.4. Throughout this work we will
assume a flat universe filled with cold dark matter, photons, baryons, elec-
trons and 3 species of neutrinos (all massless), that is there is no dark energy.
The unit ¢ = 1 is adopted, and the metric convention used in this Chapter is

(+,—, —, —). This Chapter closely resembles our paper ! [42].

4.1 Introduction

It is observed that the universe is now undergoing accelerating expansion
[43, 12, 44], which is also consistent with the three-year Wilkinson Microwave
Anisotropy Probe (WMAP) data and several other cosmological observations.
The usual “explanation” for this involves a mysterious component, called the
dark energy, which drives this accelerating expansion. However, this dark en-
ergy problem could also be attacked by modifying the theory of gravity so that
it departs from the standard general relativity (GR) when the spacetime curva-
ture becomes small. In one type of modified gravity theories, the Ricci scalar R
in the Einstein-Hilbert action is simply replaced by a function of R, commonly
known as f(R). Indeed, in [45, 46], it was shown that by adding correction
terms, such as R?, R R, and R®“ R4, to the action, the late time accelerat-

ing cosmic expansion could be reproduced (see also [47] and references therein

IB. Li, K. C. Chan and M.-C Chu, astro-ph/0610794
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for related works). Another argument in favor of such generalizations is that
the effective Lagrangian of the gravitational field generally will include higher
order terms in the curvature invariants as a result of quantum corrections (see,
e.g., [48]).

However, the conventional metric approach to f(R) gravity leads to fourth
order equations which may exhibit violent instabilities when matter is present
in the weak gravity regime [49] (see however [50] for a discussion). On the other
hand, in the Palatini variation of the action where the metric and connection
are treated as independent dynamical variables [51], the resultant equations are
second order, which are more tractable and concordant with field equations in
other branches of physics. In particular, the typical form f(R) = R+ a(—R)”
has been discussed extensively in the literature as an alternative dark energy
model which fits rather well with the supernovae (SNe) la data, and it is
also tested using cosmic microwave background (CMB) shift parameter and
baryon acoustic oscillation (BAO) in [52, 53, 54, 55]. Possible constraints on
other types of Palatini-f(R) model have also been considered using big bang
nucleosynthesis (BBN) and the requirements that the success of the inflation-
ary paradigm is not spoiled [56]. Recently constraint from data on matter
power spectrum alone is given in [57]. As far as we know, there have been no
attempts to confront Palatini f(R) gravity models with CMB data to date.

In this work, we will concentrate on the model of f(R) = R + a(—R)?,
where « is positive (so that it can reproduce the recent cosmic acceleration).
We refer to it as the late f(R) cosmological model because its corrections to GR
dominate very lately, and we study both its CMB and matter power spectra.
For this, we need the perturbation equations in the Palatini formalism, one
set of which has been worked out in [58]. Here, however, we will derive a
set of covariant and gauge invariant perturbation equations by the method of

3 4+ 1 decomposition (see Sec. 4.2) for our calculations. Also we shall try to
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constrain the model parameters. Unlike previous works, we use the full three-
year WMAP data set [4, 38] instead of the CMB shift parameter only. This
f(R) gravity model will be constrained firstly by the WMAP CMB spectra
data, and then jointly by the CMB spectra, SNe measurements from Supernova
Legacy Survey (SNLS), plus the matter power spectrum data measured by the
Sloan Digital Sky Survey (SDSS) [59].

4.2 Field Equations in Theories of Palatini -
f(R) Gravity

In this section we shall first summarize the properties of the general theory of
f(R) gravity in the Palatini formalism. For more detail introduction, see e.g.

[60]. We then list its perturbation equations, which have been rederive in [61].

4.2.1 General Theory of f(R) Gravity in the Palatini

Approach

The starting point of our discussion on the Palatini- f (R) gravity is the modified

Einstein-Hilbert action, which is given as

S = / /=g [i F(R) + Em} | (41)

where k = 871G (G is the Newton’s constant) and R = g®R.(T) (a,b =

0,1,2,3) with R, (T) being defined as

Rab = FC

ab,c

- Fgc,b + g0, —Te,re (4.2)

Notice that the connection I' here is not the conventional Levi-Civita connec-
tion of the metric g4, which we shall denote by I'; rather it will be treated as
an independent field in the Palatini approach to the f(R) theory of gravity.

Correspondingly, the tensor R, and scalar R are also not the Ricci tensor and
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Ricci scalar calculated from g4, as in GR, which instead are denoted by R,
and R respectively in this work (R = g%*R,;). The matter Lagrangian density
L,,, on the other hand, is assumed to be independent of I', which is the same
as in GR.

The extremization of the action Eq. (4.1) with respect to the metric g

then gives the modified Einstein equations

1
FRgy, — §gabf(R) = KZa, (4.3)

in which F' = F(R) = 0f(R)/0OR and 7, is the energy-momentum tensor in
the system discussed. The trace of Eq. (4.3) reads

FR—2f = kT (4.4)

with 7 = p—3p (p is the energy density and p the isotropic pressure) being the
trace of the energy-momentum tensor. This is the so-called structural equation
[62] which relates R directly to the energy components in the universe: given
a specific form of f(R) and thus F(R), R can be obtained as a function of 7
by numerically or analytically solving this equation.

The variation of Eq. (4.1) with respect to the connection field T' leads to

another equation

Va[F(R)V=g9"] = 0, (4.5)

which indicates that the connection I is compatible with a metric Yab that is

conformal to gu:
Yab = F(R)gab' (46)

With the aid of Eq. (4.6) we could now easily obtain the relation between R,
and R,y as

3D FDyF DDy’ guwD°D.F
2F? F 2F

Ry = Ru+ (4.7)
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Note that in above we are using D and V to denote the covariant derivative
operators which are compatible with g,, and ~,, respectively.

Since L, depends only on g, (and, of course, some matter fields) and the
energy-momentum conservation law holds with respect to it, we shall treat this
metric as the physical one. Consequently the difference between f(R) gravity
and GR could be understood as a change in the manner in which the spacetime
curvature and thus the physical Ricci tensor R, responds to the distribution
of matter (through the modified Einstein equations). In order to make this

point explicit, we can rewrite Eq. (4.3) by the use of Eq. (4.7) as

1
KT = FRa— §gabf
3 1
—l—ﬁDaFDbF — D, Dy F — égachDcF, (4.8)

in which F(7), f(7) are now simply functions of 7.

4.2.2 The Perturbation Equations

The perturbation equations in general theories of f(R) gravity have been de-
rived in [58]. However, here we adopt a different, covariant and gauge invariant
derivation which utilizes the method of 3 + 1 decomposition [63, 64, 65].

The main idea of 3+1 decomposition is to make space-time splits of physical
quantities with respect to the 4-velocity u® of an observer. A projection tensor
hap is then defined as hq, = gap — uqup which could be used to obtain covariant
tensors orthogonal to u. For example, the covariant spatial derivative D of an

arbitrary tensor field T5¢ (which, by definition, is orthogonal to u) is given as
DTy = hihS--- hihy--- hIDTILE. (4.9)
The energy-momentum tensor and covariant derivative of the 4-velocity u could

be decomposed respectively as

Ty = Tap+ 2qaty) + puatty — phay, (4.10)

1
Douy = 0 + @Wap + §9hab + ugAp. (4.11)
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In the above m,, is the projected symmetric trace free (PSTF) anisotropic
stress, ¢ the vector heat flux, o, the PSTF shear tensor, w, = ﬁ[aub},
6 = D"u, = 3a/a (a is the cosmic scale factor) the expansion scalar and
A, = 1, the acceleration. The overdot expressed as qb = u*D,¢ is the deriva-
tive with respect to the proper time of the comoving observer moving at ve-
locity u, and the square brackets denote antisymmetrization and parentheses
symmetrization. The normalization is chosen to be u? = 1 in consistence with
our metric convention.

Decomposing the Riemann tensor and making use of the modified Einstein
equations with the general techniques used in GR, we obtain, after lineariza-

tion, five constraint equations

0 = DY(e” uwy):; (4.12)
1 3FD,F N 0D, F D,F
—K a — —
e 22 3F F
2 . n ~
_§Da0 + Dbaab + waab; (413)
B, = [@Cad(a + ﬁcwd(a} eb)ecdue; (4.14)
. 1 R 2 F 2 .
D'Ey = —k |D'm, 20+ —=|q.+ =D,
b 2FI<L 7Tb+<3 —|—F>q +3 p]
1 ~
—ﬁ/‘ﬂ(P + p) Dok (4.15)
DB, = oYalk [ﬁch +(p+ p)wcd} €, "l (4.16)

Here €44 is the covariant permutation tensor, £, and B, are respectively the
electric and magnetic parts of the Weyl tensor W4, given respectively by

_ cnd _ _1,c.d
Eab = uUWaepg and By = —5ucu €acWeha-
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We also obtain seven propagation equations:

p+ (p+p)0+ D
4 . R
Qa + 5‘9%1 + (p +p)Aa - Dap + Dbﬂab

3F
6+ —

0 — DA,
OF

0+

3F?2 3F kp f D2F

2F2 9F F 2F 2F

2 3F A
s+ = |0+ 2| 50y — DA
Oab + 3 0+ AF Oab (a41b)
1 1 ~ =
+5ab + ﬁﬁlﬂ'ab + ﬁD@Db)F

2 ~
w + §9w — D[aAb}

1

_ﬁ’% [(P+p Oab +Daqb]

: F
gab+<0+2F>gab_DBdaeb ]

B, + (9 +

F
2F> Bab + D Sd(aeb

d, e
+—rD" Ta(a€pyec U

2F

The angle brackets mean taking the trace free part of a quantity.

0,

o4

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

Besides the above equations, it would also be useful to express the projected

Ricci scalar R in the hypersurfaces orthogonal to u® (the projected Riemann

tensor, ﬁabcd, is defined by [f)a,f)b]vc = 7A€abd cv¢, similar to the definition of

the full covariant Riemann tensor R,.q but with a conventional opposite sign,

and the calculations for the projected Ricci tensor Rap and projected Ricci

scalar R just follow the same way as in GR) as

.92
3F
2F

po- K(p+3p)—f 2

0
F 3|77

2D

(4.24)
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The spatial derivative of this projected Ricci scalar, n, = %aﬁaﬁ, is then

obtained after a lengthy calculation as

a a 3 .
Na ﬁK(DaP‘FSDap) - F |:ﬁF+9:| DaF
a - a - ~ 2a 3 .
——D,f — =D, (D*F) - — | -——F D
5 Paf = FPa(DF) — 3 {QF +9} o0
LS el | | DoF (4.25)
3F | 2F oF o '

and its time evolution is governed by the propagation equation

26 a 3 - 2 A A a -~ -~
Nt =0, = — |=F— 20| D,D*F — —xD,D°
Tt g = 5 {F 39} “ Frret e
a - ~ F 20 A
——D,D?F) — |=+=| aD,D°A,. 4.2
FDu(DF) — |5+ 5 [a (4.26)

As we are considering a spatially flat universe, its spatial curvature will

vanish for large scales, meaning that R = 0. Thus from Eq. (4.24) we have

[m £

2
1

= = [rlp+3p) - f. (4.27)

3 2F 6F

This is just the modified (first) Friedmann equation in the f(R) version of
gravitational theory, and the other modified background equations (the second
Friedmann equation and the energy-conservation equation) could be obtained
by taking the zeroth-order parts of Eqgs. (4.17) and (4.19). It is easy to check
that when f(R) = R, we have F' = 1, and these equations just reduce to those
in GR — in this case GR and the Palatini- f(R) theory lead to the same results.

Remember that we have had f, F and R as functions of 7" at hand, it is then
straightforward to calculate F, F, D,F ; D,F ete. as functions of 7 = —(pp +
pe)0 and D, T = (1-— ch)f)apb + f)apc, in which py () is the energy density of
baryons (cold dark matter) and ¢, is the baryon sound speed. Note that in this
work we choose to neglect the small baryon pressure except in the terms where
its spatial derivative is involved, in which case they might be significant at

small scales. The above equations could then be numerically propagated given
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the initial conditions, to obtain the evolutions of small density perturbations
and the CMB and matter power spectra in theories of f(R) gravity. Finally
the three-year WMAP data on CMB spectra, SNLS SN data and SDSS data
on matter power spectrum could be used to constrain parameters in the f(R)

models. These results will be given in the following section.

4.3 Numerical Results and Cosmological Con-
straints

This section is devoted to numerical results and constraints of the present
model. To this effect we will first very briefly summarize and explain the effects
of the f(R) modifications to GR on the linear spectra; for more details see [61].
After that we shall employ the public Markov Chain Monte Carlo (MCMC)
engine [37] to search the parameter space with the theoretical CMB and matter
power spectra calculated by the modified CAMB code; the constraints are then

summarized and discussed.

6000

5000

4000

3000

TT
10+1)C™ / 2%

2000

1000

B= 0.00 (ACDM)

0 N | N | N |
10 100 1000

/

Figure 4.1: The TT CMB spectrum for the f(R) = R + a(—R)? model, with ,,
(current fractional energy density of nonrelativistic matter) and Hg (current Hubble
constant) fixed to be 0.3 and 72 km/s/Mpc respectively. Choices of 3 are indicated
besides the curves. The case 3 = 0 corresponds to a ACDM Universe.
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In Fig. 4.1 we have displayed the TT CMB spectra for the model with
different choices of 3. It is obvious from this figure that, when 5 < 0, the
spectrum gets a boost in the scales [ < 100, which could be significant if |3] is
large enough. This effect is due to a strong late-time integrated Sachs-Wolfe
(ISW) effect [61, 66], which in turn originates from the unusually rapid late-
time decay of the gravitatoinal potential ¢ of the present f(R) model compared
with ACDM, as shown in the lower panel of Fig. 3 in [61] (see this reference
for more details). We have not given the curves for § > 0 because in that case
the spectrum generally blows up except for very small |3]|s (see below).

Another interesting feature in Fig. 4.1 is that for negative (3 the spectrum
shifts towards the right-hand-side (larger I’s), likely due to the unusual angular-
distance-redshift relation [67, 27]. Since the standard ACDM cosmology is
expected to be valid in the early times when the correction to GR is negligible,
the sound horizon and the thickness of the last scattering surface are the
same as in ACDM. But at late times the Friedmann equation is modified
(Eq. (4.27)), and so is the relation between redshift and conformal distance.
This would cause the CMB spectrum to shift sideways. This shifting effect,
however, is negligible for the constrained ranges of 3 obtained below.

The CMB EE polarization and cross correlation spectra show no additional
interesting features and cannot be used to put strong constraint on the model
parameters, and so we will not present and discuss them here.

We have also given in Fig. 4.2 the matter power spectra. As indicated in
this figure, the matter power spectrum depends sensitively on the value of 3
and could differ from ACDM significantly even if |3| only deviates from 0 by
a tiny amount e.g., of order O(107°). This feature has been pointed out and
discussed extensively in [58, 57, 61]. Basically, this is because of the sensitive
response of the modified gravity to the spatial variations of matter distribution,
which, at small enough scales would significantly affect the growth of density

perturbations. To be explicit, for large enough k’s, the growth equation for
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Figure 4.2: The matter power spectra of the f(R) = R+a(—R)” model for different
choices of 3 (both negative and positive) as indicated beside the curves. The case
B = 0 corresponds to a ACDM Universe.

the comoving energy density fluctuations d,, could be written as [57]

d*6 k? I
o= Oy 4.28
dN? a*?H*3F(2FH + F) (4.28)

in which N = log(a) and F/3F(2FH + F) = 2 .;y acts as an effective sound
speed squared that vanishes in the ACDM model. For the present f(R) model,
we have F' = 1—af(—R)?~!, in which o and — R are positive and —R decreases
with time. So if 3 < 0, then F' > 0 and thus c2.p; > 0; this effective pressure
term will restrict the growths of small-scale density perturbations and leads to
oscillations (as shown in Fig. 4.2 for the case of 3 = —0.00005) of the spectrum
in these scales. On the other hand, if 5 > 0 (as we hope to recover standard
ACDM cosmology in earlier times, we shall also restrict ourselves to 8 < 1),
then F and c2 sy will be negative; this will make the density fluctuations
unstable and blow up, the same reason why the CMB spectrum depends so
sensitively on positive (s.

Since from Figs. 4.1 and 4.2 we have seen that the linear spectra of our
f(R) model depend very sensitively on the model parameter (3, it can be ex-
pected that the data on CMB and matter power spectra could place stringent

constraints on [, as we will show now. As mentioned in Sec. 4.1, we shall
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firstly use the full three year WMAP data and then perform a joint constraint
simultaneously using WMAP, SNLS and SDSS data to constrain the parame-

ters.
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Figure 4.3: The marginal distributions of €,, and (3, obtained using the three year
WMAP data alone. Here the distributions are normalized such that the maximum
probability density is 1.

Figure 4.4: The contour plot of the joint distribution of €,, and 3, constrained
by WMAP data alone. The inner and outer loops are the 68% and 95% confidence
contours respectively.

Because the Hubble parameter H, is already measured to rather good
precision by the HST Key Project, we shall use Hy = 72 km/s/Mpc [1] in

our calculations. Therefore we vary the following parameters: baryon density
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wy = k2%, cold dark matter w, = Q.h2, reionization redshift z,., spectral index
ns, normalization amplitude A, and the model parameter 5. In Fig. 4.3 the
marginal distributions of 2, and 8 are shown. The 95% confidence interval
for Q,,, and 3 are [0.233,0.268] and [—3.45 x 1072, 3.07 x 1073] respectively. We
also present the contour plot of the joint distribution of €2,, and 3 in Fig. 4.4.
From these figures we can see that the CMB spectra could constrain |3] to
O(1073), ~ 100 times more stringent than the constraint from the CMB shift
parameter [53], which is of order 0.1. That the CMB spectra is much more
powerful in constraining the parameters than the CMB shift parameter is ex-
pected because the former bears a lot more information than the latter. It
looks from these figures that a slightly positive 3 is preferred by the CMB
data.
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b c re
2 4 6 092 094 096 098 1 18 20 22 24 26
B x10°° s A
134 136 138 14 0.24 0.26 0.28 0.8 1 1.2 1.4
Age/GYr Q. oy
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Figure 4.5: The marginal distributions of the various model parameters, constrained
simutaneously by the WMAP, SNLS and SDSS data sets. The distributions are
normalized such that the maximum probability density is 1.

To tighten the bounds on the parameters, we perform a joint constraint
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Figure 4.6: The contour plot of joint distribution of €2, and § under the constraints
of the WMAP, SNLS and SDSS data sets. The inner and outer loops are the 68%
and 95% confidence contours respectively.

making use of both the three-year WMAP and the SDSS data sets. In addi-
tion to the matter power spectrum, the SNe data from SNLS [68] is also used
in the joint constraint, though their effects are found to be negligible. For the
SDSS data, we conservatively adopt the measurements for scales larger than
k = 0.2h Mpc™' (where h = Hy/(100 km s~'Mpc™')) to avoid encountering
the nonlinear effects in the measured matter power spectrum. The bias be-
tween galaxy power spectrum and matter power spectrum is assumed to be
a scale independent constant; CosmoMC [37] assumes a flat prior on it and
marginalizes analytically.

The calculation indicates that indeed the allowed range is shrunk, as indi-
cated in Figs. 4.5 and 4.6 (for completeness in Fig. 4.7 we have also plotted
the best-fitted curves with the observational data points from SNLS, WMAP
and SDSS we use in the constraints). The 95% confidence intervals for €2,
and 3 now become [0.241, 0.274] and [2.12 x 1075,5.98 x 1079] respectively,
and the 95% confidence interval for og is [0.85,1.21]. The distribution of €2,
does not change much since it is already well constrained by the WMAP, but
the bound on 3 is tightened to the order of 107 (and obviously future refined
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data could still further this constraint). What is more, these joint constraints
also prefer a positive 3 and actually have excluded the case of § =0, i.e., the
ACDM paradigm, at the 95% confidence level. In Fig. 4.7 we could see that
all the data sets are fitted very well. Furthermore, more stringent constraints
on (3 can be obtained if data points in the nonlinear regime are also used
since the matter power spectrum will blow up in the small scales for positive
B (see Fig. 4.2). Nonetheless, our stringent constraint on 3 already makes the
model nearly indistinguishable from ACDM for practical purposes, and with-
out a natural motivation for such tiny values of # this model should be more

reasonably disfavored.

4.4 Discussion and Conclusion

In conclusion, we have in this work derived the perturbation equations for
general theories of Palatini-f(R) gravity and applied them to a typical class
of model f(R) = R+ a(—R)? which is proposed as an alternative to the cos-
mological constant to account for the late-time accelerating cosmic expansion
and has been extensively studied. We then calculate the CMB and matter
power spectra for this model using a modified CAMB code. It is shown that
for negative Js the potential ¢ will see an unusually rapid decay at late times,
leading to an enhancement of the ISW effect and thus a boost of the TT CMB
spectrum at small [s. There also appears a positive effective pressure term in
the equation governing the growth of density perturbations, which could be
significant for small scales (large ks) and restricts the perturbation growths
in these scales. For positive 3s, however, the small-scale density fluctuations
will become unstable and grow exponentially, resulting in blowing-ups of the
matter power spectrum.

We have constrained the model parameters using the WMAP, SNLS and

SDSS data. Because the CMB and matter power spectra are rather sensitive to
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the exact values of the parameter (3, we are able to give much more stringent
constraints on 3 (O(1073) and O(107°) respectively) than those (O(1071))
coming from the CMB shift parameter fitting or measurements on SNIa [53].
Compared with the bound (O(107°)) from SDSS data alone [57], our WMAP
-+ SNLS + SDSS constraint is tighter because the allowed range of €2,, is largely
reduced here.

These constraints seem to make the present model (in its allowed parameter
space) indistinguishable from the ACDM paradigm and raise a fine-tuning
problem to the late f(R) gravity theory. However, there still remains the
interesting possibility that f(R) modification of gravity enters at earlier times
(or higher densities): can it survive the tests from WMAP and SDSS data?
This topic is beyond the scope of this article and has been investigated in
another work [61]; in that case the parameter space for f(R) gravity is also

highly limited.
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Figure 4.7: The data points from SNLS (upper panel), WMAP (middle panel) and
SDSS (lower panel) data sets against the theoretical curves of our best-fitted model.
For SDSS data we have plotted both vertical and horizonal error bars. Note that
the last three data points from SDSS (for which & > 0.2h Mpc™!) are not included
in our numerical constraints, and we have used a bias of 1.1 to relate the best fit
theoretical power spectrum to the SDSS data.



Chapter 5

CMB Constraint on Radion
Evolution in the Brane World

Scenario

The brane world model is a very popular type of extra dimension model moti-
vated by string theory. In many versions of brane model, the modulus field of
extra dimensions, the radion, could have cosmological evolution, which induces
variation of the Higgs vacuum expectation value, (H), resulting in cosmolog-
ical variation of the electron mass m.. The formation of Cosmic Microwave
Background (CMB) anisotropies is thus affected, causing changes both in the
peaks positions and amplitudes in the CMB power spectra. In this Chapter
we shall make use of the WMAP data to constrain the evolution of the radion.
This Chapter is duplicated from our article in arXiv ' [69].

This Chapter is organized as follows. Section 5.1 is the introduction. In
Section 5.2, we carry out the conventional dimensional reduction to get the
radion dependence of various constants. We shall see that only the Higgs
VEV is expected to vary in the context of brane world models. We then
describe the effect of variation of Higgs VEV on the CMB power spectra in

Section 5.3.1. The numerical constraints on the radion (or Higgs VEV) are

K. C. Chan and M.-C Chu, arXiv: 07060391
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presented in Section 5.3.2. We summarize in Section 5.4.

5.1 Introduction

Investigations in string/M theory suggest the existence of extra dimensions.
In particular, we may live in a brane world in a bulk of dimensions greater
than 4. In this brane world picture, the matter fields are confined on the
brane which is a (143)-dimensional hypersurface embedded in the bulk, while
gravity can propagate freely in the whole extended universe. For a review on
extra dimensions and brane worlds see e.g. [70, 71]. By restricting the standard
model particles on the brane, brane world models have evaded the strong
constraints on the size of extra dimensions. Up till now Newtonion gravity
is only tested to submillimeter scale [72], and existence of extra dimensions
below this scale remains possible. From the phenomenological point of view,
extra dimensions open a new door to address the hierarchy problem, the large
scale discrepancy between the Planck scale and the electroweak scale [73]. For
example, in the Randall-Sundrum two-brane model [74], one can obtain a large
scale discrepancy by fine-tuning the interbrane distance, the radion; thus some
mechanisms have to be invoked to stabilize the radion [75].

There are many moduli fields in string theory and the radion is an example.
The moduli fields have to be stabilized so as not to upset the limits from long
range force experiments and tests of general relativity. Other than invoking
stabilization potentials, there could also be some attractor mechanism that
drives the theory towards general relativity [76]. The radion may also act
as a chameleon field and acquire mass by self-interactions to avoid the most
restrictive of current bounds [77, 78]. If these scenarios hold, it is possible that
the radion still evolves after the epoch of Big Bang Nucleosynthesis (BBN).

Studies of brane world models can be divided into two main streams. On
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one hand, more complex models are studied in order to strengthen the con-
nection between string theories and brane models; on the other hand, efforts
are made to confront brane models with observational data [79]. In the brane
world scenario, evolving radion induces variation of Higgs VEV, and there-
fore constraining the evolution of the radion implies limiting the evolution of
Higgs VEV. In Ref. [80, 81], the constraints on the evolution of the radion
are obtained from BBN and the best fit to the observational abundances of
D, *He and 7Li suggests a small variation in the radion during BBN com-
pared to its present value. Molecular spectral lines can be used to determine
pu = my/me [27]. Recently, Reinhold et al. used quasar Hy spectral lines to
obtain Ap/p = (2.4 £0.6) x 107 for a weighted fit [82]. The constraints
on p can be interpreted as an indication that the Higgs VEV (and hence the
radion) at redshift 2-3, was different from its value today. The Cosmic Mi-
crowave Background (CMB) anisotropies are measured with high precision by
WMAP [4, 38] and other observations. Thus it is timely to study the effects of
the existence of extra dimensions on CMB and fill the “redshift gap” between
BBN and quasar constraints using data from CMB. In this article we shall use
the three-year WMAP data to constrain the evolution of the radion.

Within the brane world scenario, an extra term, called the dark radiation
term, appears in the modified Friedmann equations [83], and it causes great
difficulty in calculating the Sachs-Wolfe Effect [84, 85]. Nonetheless, in this
work we will constrain the radion evolution through the variation of constants
caused by the variation of Higgs VEV ignoring the dark radiation term. CMB
has been used to constrain the Higgs VEV using the pre-WMAP data in [86].
However it is desirable to get an improved bound using the high precision
three-year WMAP data, including the polarization power spectrum. We also
demonstrate that the constraints can be tightened substantially if we make use

of HST measurement of Hj.
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5.2 Dimensional Reduction and Low Energy

Effective Actions

In this section we will start from the higher dimensional action and carry
out the dimensional reduction to derive the dependence of the constants on
the radion. There are many works on effective actions in extra dimensions,
e.g. [76, 87, 88], and the formalism here follows closely that in Ref. [89, 80].
We shall dimensionally reduce the higher dimensional gravitational action to
obtain its low energy effective action first. The higher dimensional action reads

S = /d4+"X\/$ KLVH")R) + Em] : (5.1)

2
2'%44—71

where n denotes the number of compact extra dimensions, and X* represents
the bulk spacetime coordinate, A = 0,1,...,3 + n. The higher dimensional
Ricci scalar is denoted by “*" R, and G is the determinant of the full spacetime
metric Gap. L,, is the matter field Lagrangian density, which may include
scalar fields, vector boson fields and Dirac fermion fields.

To proceed we shall take the metric ansatz
ds? = GapdX*dXP = g, (v)dv"dz” + hi;(x)dy'dy’. (5.2)

In this metric the Greek indices run over 0, 1, 2 and 3, while the Latin indices
7 and j run over the extra dimensions from 4 to 3 +n. We are only interested
in the zero-mode of the Kaluza Klein expansion, and so the extra dimensional
metric h;j(x) does not depend on the extra dimension coordinate. Further-
more, we have assumed that the metric in Eq. 5.2 is block-diagonal because
the vector-like conection GfL vanishes for zero-mode [89]. The extra dimensions
are compactified on an orbifold and the dimensionless coordinate y’ assumes

values in the interval [0,1]. Using the ansatz Eq. 5.2, it is easy to get

V=G = /=gVh, (5.3)
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where g and h are the determinants of g,, and h;; respectively. After some

(44n

calculations, )R can be expressed in terms of the 4D Ricci scalar W R as

. 1 .
WOR = OR— 70, (W 0his) + 19" O,h Oyhi,

1 AN
- 77 R0,k h* 0, hyy. (5.4)
We also define
1 V
=, (5.5)
Ry Ii4+n

where V) is the volume of the extra dimensions today. Thus S can be written

as

1
2/@21])0

1 -
S = /d4$dny\/ —g\/ﬁ |: <(4)R + nggﬁph”&,hij
1 .
+ Zg”"h”@,)hijhkl@ghkl) + Em] , (5.6)

after integration by parts once. We shall work in the Einstein frame with pure

Ricci scalar in the gravitational action. To do so we will apply the conformal

transformation
g/u/ = 6_269/w (57)
with
Vh
—26
= —. 5.8
=3 (5:5)
After some algebra, we obtain the effective action
S = [duey=5 |5 (DR + 2gmanion
= TN —g 22 T 197 0ol 0o i
1~ T 1.1]
— ggp hjﬁphijhkl&,hkl) +e49£m} : (5.9)

For concreteness, we further assume that the extra dimensional manifold
is homogeneous and isotropic. Hence the extra dimension metric takes the

simple form:

diag(b?, 0%, ..., b?). (5.10)
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With the ansatz Eq. 5.10, the action Eq. 5.9 reduces to

—| 1 nn+2)1_,
S = /d4x\/—g [2—%“)3— gﬁg“ 9,00,b + L, | . (5.11)

2
4Ky

To make the scalar field canonical, we define a new scalar field, the radion o,

1 /n+2 0"

—1/ In —. 5.12

K4 2n 1 Vo ( )
Finally the effective action reads

S = /d4x\/—§ {2—,112 <(4)R — %g‘“’@ua&,a) + 649£m] ) (5.13)
4

We now study the matter sector in more details. Although the matter

as

g

fields only live on the brane, their actions are still affected by the existence
of extra dimensions because of the conformal transformation Eq. 5.7. Let us

begin with the minimally coupled scalar field

SScalar - /d4$\/—_g <_%gwjau¢81/¢ - V(¢)) . (514>

After the conformal transformation Eq. 5.7, it becomes

—| 1 2n \ _,,
SScalar = /d4$ V —3 [_iexp <_"§40— n+ 2) g,u au¢au¢

2n
— exp (—2%40 nT 2) V(¢)] . (5.15)

To turn the kinetic term into the canonical form, we make a change of variable:

O = exp (—ma ﬁ)as (5.16)

We then recover the standard scalar field action

SScalar - /d4$ \V _g [_%gﬂ”@u@ayq) — €xp <_2"$4U 2n ) V(¢)

n+ 2

If V(¢) is taken to be a simple renormalizable potential of the form

1 1
V(9) = 5% + o, (518
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we then have

1 [ 2n 1

We see that the mass of the scalar field is dependent on the radion in the
Einstein frame for both signs of u2. One of the most important scalar fields
in particle physics is the Higgs field. Masses of the fermions and quarks can
be generated by their Yukawa couplings to the Higgs field. In this mechanism,
the fermion masses are proportional to the Higgs VEV, (H). Thus we get the

radion dependence of the fermion mass

K4 2n
H 4 . 2
m o { )ocexp( 50 n—|—2) (5.20)
For the gauge field, the action is given by
1
SGauge = _492 /d4xv —ggupngw,Fpg, (521)

where F},, is the gauge-invariant field strength tensor. However the action is
invariant under the conformal transformation Eq. 5.7, and so the effective 4D
coupling constant is the same as the higher dimensional g2.

Similar techniques can be applied to the Dirac field ¢ with mass m [90]:
SDirac = /d4$v —9g (“ZJBZMIYZDM@D - m@EQ/J) ’ (522)

where e is the vierbein and D,, is the covariant derivative. After the trans-

formation Eq. 5.7, we have

— 3 [ 2n i i
SbDirac = /d4$\/ —9g [exp <—§f<¢40 n——|—2) ipety Du¢

— mexp (—2/@40 2n )zmp] . (5.23)

n+2

We get the canonical action

Sbime = / d*z/—g [i@éi“y“bﬂf

9 _
—  mexp (—%a n—|7—L2> LAY

(5.24)
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by redefining the field ¢ as

U = exp (—%U 2n > . (5.25)

4 n+2

We can read out the radion dependence of the fermion mass, which is the same
as Eq. 5.20.

Thus, for the brane world models in the Einstein frame, only the fermion
masses, among other fundamental constants, acquire radion dependence and
are expected to vary. Or, in the framework of Standard Model, we may say

that only (H) is radion-dependent while the Yukawa coupling is constant.

5.3 Numerical Constraints on the Evolution of

the Radion

In the last section, we see that only (H) is expected to vary in the brane world
scenario. Here we first discuss the effects of variation of (H) on the CMB
power spectra, and then we present the numerical constraints on (H) and the

radion using the the three-year WMAP data.

5.3.1 Effects of Variation of Higgs VEV on CMB Power

Spectra

The variation of (H) induces changes in the Fermi constant G, the quark
masses, the nucleon binding energy and the electron mass m, [91]. The vari-
ation of G'r is not relevant in the epoch of CMB recombination. We can also
ignore the changes in strong nuclear force and nuclear binding energy caused
by the variation of quark mass. Since the baryon mass is dominated by the
QCD scale parameter Agep, and the quark masses contribute at only a few

percents level, we shall neglect the influence of (H) on the baryon mass. Thus
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the variation in (H) boils down to variation of m. [92], which modifies the
recombination history.

The variation of m, enters CMB through the binding energies of hydro-
gen, Hy, and helium, Hey, Thomson cross-section op, and the recombination
coefficients o and the two-photon decay rates of hydrogen and helium. In the
Appendix C, we list the evolution equations and modifications to take care of
variations of m.. Here we only sketch the modifications to be made. The bind-
ing energies scale as m., or is proportional to m_ 2, and the two-photon decay
rates vary as m. [93]. For «, one can derive a differential equation relating the
matter temperature Ty, and m, [92], through which the dependence of « on
m, can be deduced using the empirical fitting of « as a function of Ty, in the
literature.

Among these effects caused by the variation of m., the change in the binding
energy of hydrogen is most significant on the power spectra; less important is
the effect of Thomson cross-section, while the effects of the recombination
coefficients and two-photon rates are small.

For convenience, we define

(H)cums
(H)o ’

) (5.26)

where (H)cup and (H)q denote the Higgs VEV in the era of CMB recombi-
nation and today respectively.
Shown in Fig. 5.1 is the CMB temperature power spectrum with p being 1,
1.05 and 0.95 respectively with the other parameters being the standard ones.
We see that both the positions and amplitudes of the peaks change for
= 1.05 and 0.95 in comparison with p = 1. For p = 1.05 (0.95), because
the binding energy o« m, and it dictates the epoch of CMB recombination,
CMB recombination takes place at an earlier (later) time. Therefore the sound
horizon is smaller (larger), and the distance to the last scattering surface is

larger (smaller); the peaks shift to the larger (smaller) [ scales. The change in
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Figure 5.1: The CMB temperature power spectrum with p=1, 1.05 and 0.95 re-
spectively. Other cosmological parameters assume the standard values.

amplitudes is due to early Integrated Sachs—Wolfe (ISW) effect and damping
effect. For p = 1.05 (0.95), the residual radiation is higher (lower) right after
recombination, which gives an enhanced (reduced) early ISW effect and hence
the first peak is boosted (diminished). Early recombination also means greater
Hubble rate and narrower visibility function at decoupling time, and thus the
damping is reduced and the power in high [ scales is enhanced.

Shown in Fig. 5.2 is the E-polarization power spectrum with p=1, 1.05 and
0.95 respectively. The main features of this power spectrum can be understood
with the tight coupling semi-analytic formula for the polarization strength © p;

of a particular £ mode [8]:

- 5]{?@1(1{3,7]*) l2
Onh) = =0 T —n

where 1y and 7, are the conformal times of today and the last-scattering surface

)]2jl(k(770 — 1)) (5.27)

respectively. ©O1(k,n.) is the dipole of the photon distribution. Again, for
larger m., recombination occurs at an earlier conformal time, and because the
spherical Bessel function peaks at [ ~ k(ny — 1.), the peaks shift to the larger
[s. The power of the peaks is higher because the dipole, which is like the
velocity of a fluid in the tight coupling limit, is larger at the earlier time.

In the above discussions, we have assumed that m, is constant in the whole
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Figure 5.2: The CMB FE-polarization power spectrum with p=1, 1.05 and 0.95
respectively. Other cosmological parameters assume the standard values.

calculation. Because the effect of m, on CMB is only important near the
decoupling time, even if we assume that m, evolves, e.g. as a linear function
of the scale factor a, only the value of m. at the decoupling time matters.

Thus CMB indeed gives the constraint on m, at z ~ 1000.

5.3.2 Numerical Constraints on the Higgs VEV and Ra-
dion by CMB

In this section, we constrain the range of (H) (or radion) using the three-year
WMAP data [4, 38]. To do so, we make use of the Markov Chain Monte
Carlo (MCMC) method (see Appendix A for introduction) implemented by
the engine CosmoMC [37], which searches for the maximum of the likelihood
function. The theoretical CMB spectra are calculated by the Boltzmann code
CMBFAST [36]. We vary the following set of parameters: the Hubble param-
eter, Hy, the baryon density, w, = Quh% (h = Hy/100 km st Mpc™1), the
cold dark matter density, w. = Q.h?, the reionization redshift, z.., the primor-
dial fluctuation amplitude, A, the spectral index, ng, and p. Flatness of the
universe is assumed in all the calculations.

The marginal distributions of the parameters are shown in Fig. 5.3.
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Figure 5.3: The marginal distributions of the free parameters, constrained by the
three-year WMAP data. In addition to the free parameters wy, = Qph?, w. = Q.h2,
Hy, zre, ns, As and p, shown also are the derived distributions of the density pa-
rameter of matter (€2,,) and cosmological constant (€25). The Hubble parameter is
allowed to vary in the range from 40 to 100 km s~! Mpc~! (we will suppress this
unit afterwards). Here and thereafter, the maxima of the distributions are arbitrarily
normalized to 1.

In particular, the 95% confidence interval (C. I.) for p is [0.85,1.11]. The
constraint is relatively weak. Most of the other standard cosmological param-
eters are well constrained in the usual ranges, except the Hubble parameter.
Although the mean of Hy being 67.6 is still close to the “canonical” value 72,
its distribution spreads wide. This suggests that Hy may be degenerate with p.
To see the degeneracy between p and other parameters explicitly, we display
the contour marginal distributions of various cosmological parameters plotted
versus p in Fig. 5.4.

Among the parameters, w, and w. show slight degeneracy with p, but p
is strongly degenerate with Hy. This suggests that we may obtain a tighter
bound if we use the measurement of Hy by the HST Key Project to break the
degeneracy between Hy and p. We carry out the MCMC run once again but
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Figure 5.4: The contour marginal distributions of cosmological parameters plotted
against p. Among the free parameters, H is the most strongly degenerate with p.

with Hy = 72 [1]. Indeed, the bounds on p are tightened substantially, as can
be seen in Fig. 5.5. The 95% C. 1. now becomes [0.97, 1.02].
Using Eq. 5.20, we get the change of the radion

2 2n

OcMB — 0g = ——
KaV n+2

In p, (5.28)

which is proportional to In p. In Fig. 5.6, we show the derived distribution of
In p.

One sees again that the spread of the distribution of (occmp — o) for Hy
being allowed to vary from 40 to 100 is much larger than that for fixed Hy = 72,
and their 95% C. 1. are [-0.094, 0.17] and [-0.019, 0.034] respectively.

The constraint on Higgs VEV by CMB is first deduced in [86] using pre-
WMAP data sets. There is no marked difference between their constraint
0.92 < p < 1.13 and ours with H, being allowed to vary in the interval
40 < Hy < 100. The small difference may be due to the use of different
data sets and/or statistical methods. The data set we used is the recent three-

year WMAP data with the polarization spectrum [4, 38] while the pre-WMAP
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Figure 5.5: Same as Fig. 5.3, but with Hy fixed to be 72. The spread of p is much
smaller than that in Fig. 5.3.

temperature power spectrum is used in [86]. They restricted Hy in the interval
[50, 80] and more importantly €, in the interval [0.3, 0.4], which is a small
portion of the distribution in Fig. 5.6. We also allow for two more free param-
eters, z.. and Ay in our MCMC runs. That’s why we get bounds comparable
to theirs although we use more accurate data set. Moreover, we show that the
bounds on p can be tightened substantially if the HST measurement of Hj is
used.

Since the upcoming Planck satellite mission is going to measure the tem-
perature power spectrum to as high as [ ~ 2500 and the E-polarization spec-
trum to [ ~ 1500, we expect that there will be tremendous improvement in
the constraint on p. We can forecast the improvement that Planck will bring
quantitatively using the Fisher matrix, which has been widely used to predict
the expected uncertainties in future experiments (see Appendix B). Under the

assumption of Gaussian perturbations and Gaussian noise, the Fisher matrix



Chapter 5 CMB Constraint on Radion Fvolution in the Brane World Scenario 79

40<H <100
- - -H=T2

0.6 4

04

0.24

Marginal distribution

Figure 5.6: The derived marginal distributions of In p = — %, / ”2—J;2(UCMB —0y) for

40 < Hp < 100 (solid line) and Hy = 72 (dashed line) respectively. Note that the
latter has much smaller spread.

takes the form

- 0Cx, _,0Cyy
Fz] - Zl:xz; 8]72' (COley) apj s (529)

where p; is the ith free parameter and C'x; is the {th multipole of the observed
spectrum of type X, which can be the temperature, temperature-polarization
and E-polarization spectra. The experimental precision is encoded in the co-
variant matrix Cov;xy. With the expected Planck power spectra, the con-
straint on p is tightened by a factor of 7 when Hj is allowed to vary; the
current constraint with Hy fixed will be tightened by a factor of 5.

We compare the present CMB constraints with other constraints in Table
5.1. We note that the BBN constraint and the quasar absorption line con-
straint are of opposite signs. Even if both constraints are found to be correct,
that does not immediately rule out the evolution of the radion since the radion
may stabilize to its present value in an oscillatory manner. If this is the case,
we may find that the radion takes a value very close to 1 near the epoch of
CMB recombination. Unfortunately, the current CMB data is not discrimi-

nating enough. With the forthcoming Planck data, the CMB constraint will
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be tightened substantially and may tell us if this interesting scenario holds or

not.
Redshift z | Observationy 95 % C. 1. for ((H). — (H)o)/(H)o,
where (H), denotes the value of Higgs
VEV at redshift z
1010 BBN [80] | [0.00,0.04]
1000 CMB Hy free: [0.15,0.11]; Ho=72: [-0.03,
0.02]
2-3 Quasar Weighted fit: —0.9 x [1.8 x 107°,3.0 x
absorption | 1075] 2
lines [82]

Table 5.1: The present constraints on the variation of (H) at various redshifts.

The CMB constraint fills the gap in the “redshift ladder” in between BBN and
quasar. The future Planck data will tighten the CMB constraint ( so that it
is compatible with other constraints.)

5.4 Conclusion

In the brane world scenario, the evolution of radion induces variation of (H).
Among its consequences, we expect only the variation of m, to be relevant in
the epoch of CMB recombination. Variation of m. changes the time of CMB
recombination, causing changes in both the peak positions and amplitudes
of the CMB power spectra. Thus we can constrain the radion evolution via
limiting the variation of ( H) using the CMB data. With the three-year WMAP
data and Hj as a free parameter, we obtain the 95% C. 1. for p to be [0.85,
1.11]; when we fix Hy to be the HST result 72 km s~ Mpc™' the constraint
for p is tightened to be [0.97, 1.02]. In terms of In p, which is proportional to
the change in radion o by Eq. 5.28, the corresponding 95% C. I.’s are [-0.094,
0.17] and [-0.019, 0.034] respectively. Although the current CMB data is not
discriminating enough, the upcoming Planck data should tighten the bounds

by a factor of 5 or so.



Chapter 6

Summary of the Thesis

We have witnessed the transition of cosmology from a data-starved subject
to the era of precision cosmology. Large volume and high precision data are
obtained from SNe la surveys, measurements of the primordial nucleus abun-
dances, CMB anisotropy probes and galaxy surveys. Among these pillars of
modern cosmology, the CMB observations are particularly fruitful. The CMB
temperature power spectrum has been extended from first tens multipoles
measured by COBE in 1992 to [ ~ 1000 measured by WMAP now. The po-
larization power spectrum has been detected and will be more accurate in the
future.

CMB is formed 3.8 x 10° years after the birth of the universe, and so it pro-
vides us with very important information about the early universe. It enables
us to constrain physics in the early universe. The small initial perturbations
justify the use of linear analysis, which makes CMB calculations simple and
clean.

In this thesis, we have used the WMAP data, sometimes together with
other data as well, to constrain physics beyond the “standard model”. We
have constrained the variation of the gravitational constant G, a particular
parametrization of f(R) gravity in the Palatini formalism and the radion evo-
lution in the brane world scenario by limiting the variation of m.. Here is the

summary of our key results.
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In Chapter 3, we use the CMB power spectra to constrain the cosmological
variation of gravitational constant G. It is found that the sensitivity of CMB
anisotropies to the variation of GG is enhanced when G is required to converge
to its present value. The variations of G from the CMB decoupling epoch
z ~ 1000 to the present time are modeled by a step function and a linear
function of scale factor a respectively, and the corresponding 95% confidence
intervals for G/Gy are [0.95,1.05] and [0.89, 1.13], G being the present value.
The CMB constraint is unique in the sense that it entails the range of redshift
from z ~ 1000 to 0.

In Chapter 4, we make use of the covariant and gauge invariant pertur-
bation equations in general theories of f(R) gravity in the Palatini formalism
to linear order and calculate the CMB and matter power spectra for an ex-
tensively discussed model, f(R) = R + «|R|®, which is a possible candidate
for the late-time cosmic accelerating expansion found recently. These spec-
tra are discussed and found to be sensitively dependent on the value of j.
We are thus able to make stringent constraints on 3 from cosmological data
on CMB and matter power spectra. The three-year WMAP data alone gives
a constraint |3] < O(1073) while the joint WMAP, Supernova Lagacy Sur-
vey (SNLS) and Sloan Digital Sky Survey (SDSS) data sets tightens this to
B ~ O(107°%), about an order of magnitude more stringent than the constraint
from SDSS data alone, which makes this model practically indistinguishable
from the standard ACDM paradigm.

Finally, in Chapter 5, we use the WMAP data to constrain the evolution
of the extra dimension volume, the radion, in brane model . In many versions
of brane model, the radion could have cosmological evolution, which induces
variation of the Higgs vacuum expectation value, (H), resulting in cosmological
variation of the electron mass m,. The formation of CMB anisotropies is
thus affected, causing changes both in the peaks positions and amplitudes in

the CMB power spectra. Using the three-year WMAP CMB data, with the
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Hubble parameter Hy fixed to be the HST result 72 km s~! Mpc™!, we obtain
a constraint on p, the ratio of the value of (H) at CMB recombination to its
present value, to be [0.97, 1.02].

The above summarizes the major work in my MPhil studies, but it is just
the tip of an iceberg of the exciting interplay between modern cosmology and
the fundamental physics. As we proceed from precision cosmology to accuracy

cosmology, more excitements are expected to come.



Appendix A

Markov Chain Monte Carlo
Method

We shall introduce the Markov Chain Monte Carlo (MCMC) method in this
appendix. We first give the general ideas of MCMC, and then the Metropolis-
Hastings algorithm is introduced. Lastly, we discuss the mutiple chain conver-
gence diagnostics for test of convergence. For more detailed introduction and

overview, see [94, 95].

A.1 Basic Theory of MCMC

A Markov chain is defined as a series of random variables X(©, X x®
in which the influence of X@ ... X on X"+ ig explicitly through X ™

only. Mathematically, it is
Pz 2™ {20 1t € £}) = P2z, (A.1)

where £ is any subset of {0,...,n — 1}.
A Markov chain can be specified by giving the initial probability distri-

©) and a rule for each state to evolve into other

bution of various states X
states. The rule is a conditional distribution, 7},(X™, X+1)  which as-

signs X+ given the nth step distribution of the states, X ™. In other
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words, T,,(X ™, X("+1)) gives the transition probabilities from every state to
all other states. If the transition probabilities are independent of step n, it is
called homogeneous (or stationary) and it is simply denoted by 7. Thus for a
homegeneous chain with initial distribution X (©), the nth step distribution is
X ) — pnx(0)

For a distribution 7(x), if the transition probabilities T;,(x, z’) satisfy
m(z) =Y T.(2,x)w(2"), (A.2)

for all n, then 7 is said to be invariant with respect to the Markov chain with
transition probabilities T, (z',z). A Markov chain has at least one invariant
distribution. We want to construct the transition probabilities such that the
distribution which we aim to sample from is invariant. This is desirable be-
cause ever since the invariant distribution is reached, the Markov chain will
sample from the distribution forever. In practice, the Markov chains are often

constructed to be time-reversible homogeneous, i.e.,
T(z,2")w(x) =T (2!, z)m (). (A.3)

This is equivalent to saying that the Markov chain satisfies detailed balance.

Eq. A.3 is a sufficient condition for being invariant as
d T a)w(a!) = ) T(x,2')n(x)

= w(z)) T(x,2)
= 7(z). (A4)

However, an invariant chain does not necessarily satisfy detailed balance.
Because for each train, we have to pick an initial distribution by hand, the

results are meaningful if the target distribution m(x) is reached irrespective of

the initial conditions. Thus, in addition to being invariant, we also require the

Markov chain to be ergodic:

lim X™ = r, (A.5)

n—~o0
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for all choices of X(©). In this definition, the asymptotic distribution is unique
and is called the equilibrium distribution.

Loosely speaking, if a homogeneous Markov chain on a finite state space
with positive transition probabilities for all states has an invariant distribution,
it is ergodic. However to show convergence is not always easy, and we shall

discuss convergence diagnostics using multiple chains in Section A.3.

A.2 The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is one of the simplest and most popular
realization of MCMC. It samples from the target distribution by repeatedly
generating random points in the parameter space. In CosmoMC [37], MCMC
is implemented by the Metropolis-Hastings algorithm.

The Metropolis-Hastings transition kernel is constructed as follows. Sup-
pose the chain is at 2™ of the parameter space. A candidate point z* is
proposed by changing certain component(s) of (™. The change is drawn from
a proposed distribution q(z™,2*), which in general may not be symmetric.
The proposed new point is accepted with probability

n s : P(z*)q(x*, =)
a(aj( ) x ) = min (1, P(x”)Z(x(”), JJ*)) , (A.6)

where P(x) is the posterior distribution that we want to sample from. There-
fore a successful transition to a point x* has to be proposed and accepted, and

the transition probability T'(z™, 2*) is
T(z™, z%) = q(z™), 2%)a(x™, 2%). (A.7)

If #* is accepted, it is assigned to 2"+ otherwise z("*1) assumes the value of
™,
If the proposal density is symmetric, the acceptance probability a(z™, 2*)

depends on the ratio of the posterior probabilities only. Then it basically
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means that if P(z*) > P(2™), the proposed step is taken; otherwise a random

number u is drawn from a uniform distribution in [0,1), and the step is accepted

P(z”)
P(z(m)?

One can verify that this construction satisfies the detailed balance Eq. A.3:

ifu<

or else it is rejected.

P(x ("))q(ﬂf(”) )
P(a*)q(z, 2)
= min [P(x*)q(x*,x(”)),P( (”))q(a:("),x*)} (A.8)

P(z*)T(z*,2™) = P(z*)q(z*, ™) min |1,

Noting that the last line is symmetric between (™ and z*, we can conclude

that it is equal to P(z(™)T (2™, z*).

A.3 Convergence Diagnostics

The target invariant distribution is sampled from only if convergence is at-
tained. Thus convergence must be checked before useful statistical measures
can be computed from the Markov chains. Among the convergence tests, mul-
tiple chain test advocated by Gelman et al. (see [96, 97]) are very popular
today, mainly because of its simplicity and ease to implement in codes.

In this methods, we suppose M chains are launched with widely separated
initial starting points in the parameter space. For each chain, there are 2NV
steps. The first N steps are ignored to avoid the “burn-in” period. We can
compute the means and variances from the rest of the chains to see if the
chains are indistinguishable.

Let yf denote the ith iteration of the last N steps of the chain j. The mean
of the chain j is

1
N =1

and the mean of all the chains is

| M N
y= —MZZZ/Z (A.10)
7j=1 =1
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We also define the variance among the chains as

% B Ml_ 27 =0 (A-11)

Jj=1

and the average of variances within a chain as

W= S o ) (A12)

From these variances, a quantity

o (N-lyy 4 BY 4 B

can be constructed as a measure of convergence of the chains (see [96] for
motivation of the expression). The numerator is an estimate of the variance if
the distribution is stationary; otherwise it is an overestimate. The denominator
is an underestimate of the variance if convergence is not yet reached. Thus R
is usually greater than 1, and convergence can be assumed if it is close to 1,

such as 1.05.



Appendix B

Forecast by Fisher Matrix

The Fisher matrix has been widely used to forecast the precision of future cos-
mological experiments. For example, the Fisher matrix method has been used
in [40, 98, 33] to forecast future constraints. In this thesis, it is useful for us to
predict the improvement in the constraints that the forthcoming Planck satel-
lite mission will bring. One can refer to Ref. [99] for a comprehensive review
on Fisher matrix, but for lucid introduction, we again recommend Dodelson’s
book [8].

Suppose that there is a true underlying power spectrum C; depending on
a set of parameters );, and C?™ denotes the experimentally observed one, the
error of which is represented by o;:

2
(20 4+ 1) foky

The first term, proportional to Cj, is the cosmic variance; the second term

(Cl + w_lBlz> . (B.l)

g =

is due to noise, atmospheric or instrumental. More precisely, w™*

represents
the detector noise level and B; is the beam width function. The prefactor
2l + 1 comes from the fact that there are 2/ + 1 m-modes, and hence 2] + 1
independent samples. However, experiment only observes a fraction of the sky,

fsky, which therefore accounts for reduction in the sample size.

We can compute the y?

X2(>\i) _ Z (OZ()\Z)O% Clo S) ) (BQ)
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We suppose that x? is minimized (or the likelihood is maximized) for A = .
The derivatives are evaluated at the fiducial model A = Ay. We further assume
that, around the minimum, y? can be approximated as quadratic. This is
equivalent to approximating the errors of C; by the Gaussian distribution.

The Gaussian assumption yields the curvature matrix

1 82X2
Fi = 2000\
B 1 [0C,0C, obsy0°Ci
- Zo—f {aAi o, TGN | (B:3)

We shall drop the second term in the square bracket since C;—C®°® is sometimes
p q !
positive and sometimes negative; its overall contribution is small relative to

the first term. Hence we write the curvature matrix as the Fisher matrix

1 0C, 0C;
F,; = it S B4
I zl: 0'l2 0)\2 a)\] ( )

This matrix includes the precision of an experiment (o;) and the sensitivity of
the power spectrum to the parameters (the derivative of C;). For the constraint
on the parameters to be tight, we need high experimental precision (small o)
and C} to change rapidly when the \; deviates from \g; slightly.

So far we have considered only one type of power spectrum. Generalization

to more than one yields
0Cx; _, 0Cyy
Fy=Y > £y (COVl)xlywa (B.5)
I XY ¢ J

where X and Y may denote temperature, E-polarization, T'E cross and B-

polarization power spectra and, (Cov;)~! is the covariant matrix.
The standard deviation (1 o error bar) in measuring a parameter \; is

related to the Fisher information matrix by

If some of the parameters are known, then only the sub-matrix formed by

the unknown parameters needs to be inverted. For example, suppose all the
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parameters except A; are known, the standard error of \; is simply given by
1/v/F;;. By the Cramér-Rao inequality, the estimate of error bar by the Fisher

matrix is the lower bound attained by any best unbiased estimator.



Appendix C

Modified Equations in
RECFAST with Variation me

In this Appendix we list the evolution equations for calculating the ioniza-
tion history with the effect of modified m,. taken into account. The detailed
evolution of the ionization fraction x. can be modeled by the simple Peebles
recombination [7], which is basically a two-level approximation, or using REC-
FAST [100], the evolution equations of which have been checked against more
detailed multi-level calculations. We use a modified RECFAST which allows
for variation of m. to evaluate the evolution of z., as in Ref. [101]. The ion-
ization history can be modeled by evolving the ionization fraction of H, z,,

ionization fraction of Hey, xpe,, and the matter temperature Ty, (see [100] for

details):
dx, Cu hvsas
—_— = H - 1— — 1
5 OO [xexanoz Bu(l — x,) exp ( T )} (C.1)
with
1 + KHAHnH(l — X )
Ch = P , C.2
H 1 + KH(AH + ﬁH)nH(l — SL’p) ( )
deeII CHeH

hVHe <
) |:£EHeH$l7e7”LHOZHeI - ﬁHeI(fHe - I'HeH) exp (_ ]{;T]\j ):| ’

(C.3)
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with
hv, er2p—2s
1+ KHeIAHenH(fHe - ‘THGH) exXp <_%M2>
CVHeH = hVHe 2p—2s Y (04)
1 + Kie (Are + Brey)nu(fire — ey ) €Xp <_ kITM )
and
dTM 8O'TCLRTI% Te 2TM
= Ty —T . C.5
dz SmGCH(z)(1+z)1+fHe+a:e( M R>+1+z (C5)

The meanings of the symbols are in order. In these equations, z is the
redshift and H(z) is the Hubble expansion rate at z, and npy is the total
hydrogen number density. Tx denotes the radiation temperature Ty(1 + z).

vnes = ¢/121.5682 nm is the Lyman « frequency. For helium, vy, =
¢/60.1404 nm, and vge2p—2s denotes ¢/58.4334 nm — ¢/60.1404 nm, the fre-
quency difference between Hey 2'p and Hey 2's. Ky = (121.5682 nm)?3/[87H (2)]
and Ky, = (58.4334 nm)3/[87 H (2)] give the amount of cosmological redshift-
ings of 2!p to 1's photons. These frequency v dependent quantities need to be
modified as v « m,.

Ay and Ap, denote the two-photon decay rates from 2's to 1ts for H and
He respectively, and they scale as m,. [93].

The Thomson cross-section o7 scales as m_? as o = 8met/(3m?2c?).

aH (ape) is the recombination coefficient of Hy (Herr), and the photo-

ionization Sy (Bue,) is related to it by

B 2mmokT 3/2 —husgg
f=a«a (T) exp ( W ) (C.6)

The recombination coefficient v can be expressed as [102]

* 3
]{?TM 2 Bn > Unlyzdy
= 20+1 — .
w=Ssmeen) (o) oo () [, BT ©
n, M

where B,, is the binding energy of the nth state and o, is the ionization cross-

section. The asterisk indicates that the sum should be regulated. Using the
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fact that B, scales with m, and the ionization cross-section scales as m_? [27],

we can derive [92]

O 1 O
ame = —E (20& + TM@) . (CS)

In the literature « is usually parametrized as a function of T, in the fitting
formula. The m, dependence of a can be extracted from the fitting formula

using Eq. C.8 and hence also the m, dependence of (3.
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