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Modes of light containing topological defects such as screw dislocations can
be focused into optical traps with interesting and useful properties. This
Letter discusses how the intensity distribution within helical modes of light
varies with topological charge and introduces new scaling predictions for their
radial profiles that are consistent with experimental observations. (©) 2004

Optical Society of America

OCIS codes: 140.7010, 090.1760, 350.5030

A helical mode of light is characterized by a phase profile, ¢(p) = £0, proportional
to the angle, 6, about the optical axis. This phase function features a screw dislocation
that endows the beam with at least two extraordinary properties. First, the superpo-
sition of all phases along the axis results in perfect destructive interference. A helical
beam consequently focuses to a dark spot, at least in the paraxial approximation, its
intensity being redistributed to a ring of light. The photons in helical beams, further-
more, carry a conserved orbital angular momentum distinct from their intrinsic spin
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angular momentum.! Helical beams thus have potential applications in secure and
parallel data communication,? with information being carried in topological channels
or being encoded in the beam’s topology. The orbital angular momentum also can
exert useful torques on illuminated objects, particularly when helical beams are fo-
cused into ring-like traps known as optical vortices.?>® In the decade after their initial
demonstration, optical vortices have been used to assemble mesoscopic systems’ to
create microfluidic pumps® 1% and to establish all-optical atom traps.'!-12

Many proposed applications take advantage of helical beams’ cylindrical intensity
distribution. This structure, however, has been the subject of recent debate, with ex-
perimental results? differing from predictions.!3 Efforts to account for this discrepancy
led to the prediction and demonstration of sinusoidally modulated optical vortices.'4
This Letter establishes both analytically and experimentally that an optical vortex’s
radius depends linearly on its helicity, ¢, and introduces scaling functions for helical

beams’ radial intensity profiles.

Helical beams are readily created from TEMg, beams either with conventional

15,16 3,17,18

mode converters or by holographic methods, with the latter providing a
substantially larger range of helicities.®® The resulting field has the general form
Ei(p) = u(p)exp(ild), where p = (p,6) is the position in a plane normal to the
direction of propagation, and wu(p) is the real-valued amplitude. The azimuthal index
¢ determines the mode’s helicity, and often is referred as the topological charge.

Experiments on helical beams have been interpreted in terms of the properties of

Laguerre-Gaussian (LGY) eigenmodes of the Helmholtz equation,' which constitute



a special case with

us(p) = (—1)" <\/§ g)e L (2 5)—22) exp (—Z—Z) . (1)
Here L,ﬁ(ap) is a generalized Laguerre polynomial with radial index p, and w is the
beam’s radius in the observation plane.! An LGﬁ mode with p = 0 appears as a ring of
light with radius R, = w+/¢/2.'3 Higher-order LGf, modes appear as p+ 1 concentric
rings whose radii are more complicated functions of ¢.

Helical modes with more general radial amplitude profiles can be expressed as
superpositions of LG;; modes, all with the same azimuthal index ¢. They would not

be expected to share the simple v/¢ scaling characteristic of pure p = 0 LGY modes.

Even less likely is that a superposition of LGf, modes would scale linearly

) .

And yet precisely this result has been obtained experimentally over two orders of
magnitude in £.° Numerical analysis suggests that linear scaling emerges at least
approximately for beams with uniform intensity.® Here, we show that this is a far
more general result.

Once a beam of light with amplitude profile u(p) is imprinted with a particular
phase profile ¢(p), its propagation into the far field is described by the Fraunhofer

diffraction integral,

oo 2
E(T, "Lp) = / dp P u<p) / de eiw(ﬁ) eikpa cos(qu/;)’ (3>
0 0

where k is the wavenumber of the light, 7 = (r,1)) are the polar coordinates in the
observation plane, and o = r/z at a range z > r. Equivalently, & = r/(2f) in

3



the focal plane of a lens of focal length f. We will consider Gaussian beams with
u(p/a) = exp(—(p/a)?) and “flat top” or pillbox beams with u(p/a) = O(1 — p/a),
where ©(x) is the Heaviside step function. We introduce the dimensionless radial
integration variable y = akp and the rescaled observation coordinate x = aka and

integrate over angles to obtain the transformed helical beam? 222

2
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where Jy(y) is a Bessel function of order ¢. For the Gaussian profile, this yields®!

3/2,.2 , 2 2
M) = B, 0)) = T | () <1 ()] ©

where [, (z) is a modified Bessel function of the first kind.

Equation (5) simplifies to a class of scaling solutions for £ > 1. This follows from

the recursion formula, I,(§) — I,41(§) = (% + 1) L&) — dld”g(g), by applying uniform

asymptotic expansions for large order (Ref. [23], 9.7.7 and 9.7.9) to obtain

e 14E—(1+€)

I,(v§) — 1,41 (V§) ~ 51 E(1+€2)1/4

(6)

— 2 € — (y_ — 2
Here, n = \/1+&* +1n /e In our case, v = (¢ — 1)/2 and v& = x°/8 so that

€ = 2/J4(¢ — 1)), and
LT T g L (1)

AZ<1’> ~ TES 5(1 +€2)1/4 )

(7)

which resembles a similar result in Ref. [21] obtained in a complementary manner.
The ring’s intensity peaks for values of = that scale with £. At least near the peak,

therefore, and for large ¢, £ ~ v > 1. This allows us to approximate the exponent

as ) — &~ —(26)7! & —20/x? and the algebraic term as ¢73/2 ~ 8¢3/2 /2. In these
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Fig. 1. Optical train used to image helical modes together with a typical phase
mask, ¢(p) = 0 mod 27, with ¢ = 80, and the resulting intensity Z,(r). The

central spot results from the undiffracted portion of the beam.

approximations, the amplitude reduces to

g 2 /2
Ay(z) =~ 27ra256_£ /=% (8)

The intensity, Z,(z) = |A¢(z)|?, thus is peaked at z = aka = ¢, consistent with
our assumption, and in agreement with the experimentally observed linear scaling.’

Equation (8) further suggests that the intensity follows a universal function of x /¢

(Q:GQ)Q To(z) ~ <§)4e—2<‘/x>2. (9)

We tested these predictions by imprinting helical phase profiles onto a Gaussian

laser beam and imaging the far-field intensity distribution. Our apparatus is shown
schematically in Fig. 1. A collimated TEMy, beam from a frequency-doubled diode-
pumped Nd:YVOy laser operating at A = 532 nm (Coherent Verdi) was attenuated
and polarized by passing through a half-wave plate and polarization-selective beam
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splitter before being spatially filtered with a Keplerian beam expander. The resulting
collimated beam has a Gaussian profile with half-width w = 8 mm, and substantially
fills the 20 mm diagonal face of a Holoeye LC2002 twisted-nematic liquid crystal
spatial light modulator (SLM). This SLM imposes phase shifts over the range 0 to 27
radians at each 20 ym wide pixel in an 800 x 600 array. Nearly phase-only modulation
was achieved by placing a half-wave plate before the SLM and an analyzer after.
The resulting discrete approximation to a helical beam was projected by a lens of
focal length f = 300 mm onto the 2/3 inch diagonal face of a monochrome CCD
camera. The measured intensity pattern should be well described by scalar diffraction
theory. This need not have been the case in previous studies,”'* which employed high-
numerical aperture optics. A typical far-field intensity pattern with ¢ = 80 appears
in Fig. 1. As in previous studies,®%?2! diffraction by the SLM’s pixels creates ¢ radial
striations, which do not affect the measured radii.

Figure 2(a) shows radial intensity profiles obtained by averaging digitized images
over angles around the optical axis for helical modes with topological charges ranging
from ¢ = 50 to ¢ = 300. As Eq. (9) predicts, the principal maximum broadens and
moves to larger radius with increasing topological charge. The peak intensity falls
off as ¢ increases because the same amount of light is distributed over a larger area.
Rescaling according to Eq. (9) does not collapse the data particularly well. Instead,
the excellent collapse shown in Fig. 2(b) is obtained by offsetting ¢ by an empirically
determined factor, {5 = 21. The resulting profiles indeed collapse onto a universal
scaling function peaked at x = ara = ¢ — {y. Adjusting ¢, to minimize the mean-

square deviations yields good agreement in both the peak height and position, with
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Fig. 2. Scaling of the radial intensity profile with topological charge. (a) Az-
imuthally averaged intensity profiles for helical modes with topological charges
ranging from ¢ = 50 to ¢ = 300. Both the peak height and radius vary with ¢.

(b) Rescaled profiles collapse onto a single master curve.

agreement improving for larger £.
Were linear scaling specific to Gaussian profiles, it would be a curiosity. However,
it arises in other cases of practical interest. For example, the far-field amplitude for a

helically-modulated pill-box beam is

A(x) = / " Jiy) ydy (10)

The principal maximum occurs when z reaches jg 1, the first zero of Jy(y), which



scales as j,1 &~ ¢ + 1.856 ¢/3 for £ >> 1.23 Thus the ring’s radius again scales roughly
linearly with /. Obtaining linear scaling for both the Gaussian and flat-top profiles
emphasizes this surprising result’s generality. This is all the more striking because the
associated scaling form for the intensity profile, £ A,(x) ~ 2ma® [7; Ai(y) dy, where
x = (+(£/2)"/3 ¢ and Ai(z) is the Airy function, differs substantially from that for the
Gaussian helical beam. The origin of the experimentally observed offset, ¢y, however,
remains unresolved.

This work was supported by the MRSEC program of the NSF under Grant Num-

ber DMR-0213745 and by NSF Grant Number DMR-0304906.
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