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1 Intr oduction

It is agreatpleasurefor meto havetheopportunityto contributeto thiscollection

of articlesdedicatedto Larry Spruch,for many yearsa friendandcolleague. The

editor, BenBederson,askedmeto write aboutThomas-Fermitheorybecausethat

is oneof thesubjectsLarry andI bothfind interesting.Larry’s review article[SL]

is a gemof clear, pedagogicalscientificwriting andI amafraidthepresentessay

will not reachthat level. Also, Larry, togetherwith Mueller andRau[MRS] was

oneof thepioneersof theuseof Thomas-Fermitypetheoriesto understandatoms

in ultra-largemagneticfields. It is, therefore,a goodopportunityto try to review

theolder theoryandbring togethersomerecentdevelopmentsandextensionsof

theideasthatThomasandFermipioneeredaboutthreequartersof a centuryago
0Work partiallysupportedby U.S.NationalScienceFoundationgrantPHY 98-20650-A01.c
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and which are still actively pursued to the present day. Some of the newer de-

velopments, mentioned in section 5, are, in fact, concerned with atoms in large

magnetic fields. This and other aspects of Thomas-Fermi theory are not finished

subjects, of course, and I hope Larry will continue to contribute his important

insights into these problems.

2 Formulation of Thomas-Fermi Theory

Sometimes called the ‘statistical theory’, it was invented by L. H. Thomas[TH]

and E. Fermi [EF], shortly after Schrödinger invented his quantum-mechanical

wave equation, in order to describe, approximately, theelectron density, ρ � x � ,
x ��� 3, and theground state energy, E � N � for a large atom or molecule with

a large number,N, of electrons. Schrödinger’s equation, which would give the

exact density and energy, cannot be easily handled whenN is large. It has to be

remembered that most of the time, in ordinary matter, atoms and molecules are

in, or close to their ground states. Therefore, it is of central importance to learn as

much as possible about the properties of the ground state and Thomas-Fermi (TF)

theory is a remarkably good guide in many respects.

A starting point for the theory is theTF energy functional. For a molecule

with K nuclei of chargesZi � 0 andfixedlocations� i ��� 3 � i � 1 	�
�
�

	 K � , it is

� � ρ � : � 3
5

� 2
2m

�
3π2 � 2� 3 γ ���

3
ρ � x � 5� 3 d3x �����

3
V � x � ρ � x � d3x� 1

2
� �

3
� �

3

ρ � x � ρ � y ��
x � y

� d3xd3y
�

U (2.1)

in suitable units (e2 � 1). Here,
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V � x ��� K

∑
j � 1

Z j
�
x � R j

��� 1 	
U � ∑

1 � i � j !l � K ZiZ j
�
Ri � R j

� � 1 	
andγ � � 3π2 � 2� 3 � 2 ! 2m. Theconstrainton ρ � x � is ρ � x �#" 0 and $ � 3 ρ � N. The

functionalρ % � � ρ � is convex.

Thejustificationfor this TF functionalis this:& The first term is roughly the minimum quantum-mechanicalkinetic energy of

N electronsneededto producean electrondensityρ � x � . The fact that electrons

arefermionsis crucial here. This minimum energy is, in fact, the semiclassical

energy andis known to beexact in thelimit wheretheshapeof ρ � x � is fixedand

N goesto ∞. The first term is alsoconjectured[LT] to be a lower boundto the

electronickineticenergy whenthedensityis ρ � x � .& Thesecondtermis theattractiveinteractionof theN electronswith theK nuclei,

via theCoulombpotentialV.& Thethird termis approximatelytheelectron-electronrepulsiveenergy.& U is thenuclear-nuclearrepulsion.While it is aconstant,it is animportantcon-

stantbecauseit determineswhetheror not bindingcanoccur, i.e.,whetheror not

theenergy canbeloweredby moving thenucleifarapartfrom eachother.

TheTF energy is definedto be

ETF � N �'� inf ( � � ρ � : ρ � L5� 3 �)� 3 �*	+���
3

ρ � N 	 ρ � x �," 0 -.	
i.e., theTF energy anddensityis obtainedby minimizing

� � ρ � with$ � 3 ρ5� 3 � x � d3x / ∞ and $ � 3 ρ � x � d3x � N. The Euler-Lagrange equation, called

theThomas-Fermiequation, is

γρ � x � 2� 3 �10Φ � x �2� µ3546	 (2.2)
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where 0 a3 4�7 max( 0 	 a - , � µ is someconstant(Lagrange multiplier = chemical

potential) andΦ is theTF potential:

Φ � x �+� V � x �2��� �
3

�
x � y

� � 1ρ � y � d3y 
 (2.3)

The 0�3 4 in (2.2) is essential.Usually it is omitted. It is only in theneutralcase

with µ � 0 that the 083 4 is not neededbecausetheright sideis never negative in

thatcase.(Seebelow).

Thefollowing essentialmathematicalfactsabouttheTF equationwereestab-

lishedin [LS] (cf. alsothereview articles[EL], [SL] andthebook[LL]).

1. There is a densityρTF
N � x � that minimizes

� � ρ � if and only if N 9 Z : �
∑K

j � 1Z j . This ρTF
N � x � is uniqueand it satisfiesthe TF equation(2.2) for

someµ " 0. Everypositivesolution,ρ � x � , of (2.2)is aminimizerof (2.1)for

N � $ � 3 ρ. If N � Z thenETF � N �:� ETF � Z � andany minimizing sequence

convergesweaklyin L5� 3 �)� 3 � to ρTF
Z � x � .

2. Φ � x �," 0 for all x. (This neednot beso for therealSchr̈odingerρ � x � in an

atom.)

3. µ � µ � N � is astrictly monotonicallydecreasingfunctionof N and � µ � Z �+�
0 (theneutral case). � µ is thechemicalpotential, namely

� µ � N �'� ∂ETF � N �
∂N



ETF � N � isastrictly convex, decreasingfunctionof N for N 9 Z andETF � N �2�
ETF � Z � for N " Z. If N / Z, ρTF

N � x � hascompactsupport.

WhenN � Z, (2.1)becomesγρ2� 3 � x �;� Φ � x � . By applyingtheLaplacian∇2

to bothsidesweobtain

� ∇2Φ � x � � 4πγ
� 3� 2Φ � x � 3� 2 � 4π

K

∑
j � 1

Z j δ � x � R j �<	
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which is the form in which theTF equationis usuallystated(but it is valid only

for N � Z).

An importantpropertyof thesolutionis Teller’s theorem[ET] (provedrigor-

ously in [LS]) which implies that theTF moleculeis alwaysunstablefor K � 1,

i.e., for eachN 9 Z thereareK numbersNj ��� 0 	 Z j � with ∑ j Nj � N suchthat

ETF � N � � K

∑
j � 1

ETF
atom� Nj 	 Z j �=	 (2.4)

whereETF
atom� Nj 	 Z j � is theTFenergy with K � 1 	 Z � Z j andN � Nj . Thepresence

of U in (1) is crucialfor thisresult.Theinequalityis strict. Not only doesETF � N �
decreasewhenthenucleiarepulledinfinitely far apart(which is what(2.4)says)

but any dilation of thenuclearcoordinates� R j %?> R j 	@> � 1� will decreaseETF

in theneutralcase(positivityof thepressure) [EL], [BL]. This theoremplaysan

importantrole in thestabilityof matter.

3 Connectionwith the Schrödinger Equation

To whatextentdo theThomas-Fermipredictionscorrespondto thequantumme-

chanicalquantitiesthey weremeantto approximate?Specifically, how closeis

ETF � N � to EQ � N � , the groundstateenergy (= infimum of the spectrum)of the

Schr̈odingeroperator, H. (Note: Thebottomof thespectrumof H neednotbean

eigenvalue; it is not an eigenvalueif therearetoo many electrons,for example.

Thus,theinfimumneednotbeaminimum.Thesamephenomenonhappensin TF

theorywhenN � Z.)

H � N

∑
i � 1 A � � 22m

∇2
i
�

V � xi �CB � ∑
1 � i � j � N � xi � x j

� � 1 � U (3.1)

which actson theantisymmetricfunctions D NL2 �)� 3; E 2 � (i.e., squareintegrable

functionsof spaceandspin). It usedto bebelievedthatETF � N � is asymptotically
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exact asN % ∞ but this is not quite right; Z % ∞ is alsoneeded.SimonandI

proved[LS] (but a simplerproof wasgivenlater in [EL]) that if we fix K andfix

Z j
! Z andif wesetR j � Z

� 1� 3R0
j , with fixedR0

j �F� 3, andif wesetN � λZ, with

0 9 λ / 1 then

lim
Z G ∞

ETF � λZ � ! EQ � λZ �+� 1 
 (3.2)

In particular, asimplechangeof variablesshows that

ETF
atom� λ 	 Z �+� Z7� 3ETF

atom� λ 	 1� (3.3)

andhencethetrueenergy of a largeatomis asymptoticallyproportionalto Z7� 3.

Likewise,thereis awell-definedsensein which thequantummechanicalden-

sity convergesto ρTF
N � x � (cf. [LS]). TheTF densityfor anatomlocatedat R � 0,

which is sphericallysymmetric,scalesas

ρTF
atom� x;N � λZ 	 Z � �

Z2ρTF
atom� Z1� 3x; N � λ 	 Z � 1�=
 (3.4)

Thus,a largeatom(i.e., largeZ) is smallerthanaZ � 1 atomby a factorZ
� 1� 3 in

radius.Despitethisseemingparadox,TF theorygivesthecorrectelectrondensity

in a realatom— asfar asthebulk of theelectronsis concerned— asZ % ∞.

The sameis trueof moleculesin this theory. If thescalingof theR j with Z

areasdescribedabove then(3.4)still holds.

This fact about the Thomas-Fermidensity is mirrored in the true quantum

mechanicaldensity, which we cancall ρQ � x � . Here, it might be notedthat the

groundstatedensityof anatommightnotbeunique,e.g.,asin thecaseof Carbon,

but asA % ∞ thedensityρQ � x � hasa well definedlimit. Thedifferencesamong

thefinite systemdensitiesare,likethemountainsonearth,unobservableonalarge

scale.

Equation(3.4) tells us that the lengthscaleon which most of the electrons

are to be found is Z
� 1� 3. The smallerlengthscale,Z

� 1 is the highly quantum
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mechanicalregion in which the innermostelectrons(K-shell, etc.) reside. The

Scottcorrection,whichis themostimportantcorrectionto TF theory, is concerned

with this Z
� 1 region. It givesa corectionto the energy of orderZ2. In the Z

� 1
region one expectsthe densityto be the sum of the squaresof the hydrogenic

boundstatewave functions(appropriatelyscaledby Z
� 1). Larry andShakeshaft

alsoinvestigatedthissum[SS]. Thepreciseevaluationis in [HL] andthefactthat

thesumis, indeed,thecorrectelectrondensitynearthenucleusof a largeatomis

provedin [LIS].

Another importantfact aboutthe TF densityis the large
�
x
�
asymptoticsof

ρTF
atom� x � for aneutralatom.As

�
x
� % ∞,

ρTF
atom� x 	 N � Z 	 Z �'H γ3 � 3! π � 3 � x � � 6 	

independentof Z. Again, this behavior agreeswith quantummechanics— on a

lengthscaleZ
� 1� 3, which is wherethebulk of theelectronsareto befound.

In light of thelimit theorem(3.4),Teller’stheoremcanbeunderstoodassaying

thatasZ % ∞ thequantummechanicalbindingenergy of a moleculeis of lower

orderin Z thanthetotalgroundstateenergy. Thus,Teller’s theoremis notadefect

of TF theory (althoughit is sometimesinterpretedthat way) but an important

statementaboutthetruequantummechanicalsituation.

For finite Z one can show, using the Lieb-Thirring inequality [LT] and the

Lieb-Oxford inequality [LO], that ETF � N �I� x � , with a modified γ, givesa lower

boundto EQ � N �I� x � .
4 SomeImpr ovements

Several ‘improvements’to Thomas-Fermitheoryhave beenproposed,but none

have a fundamentalsignificancein thesenseof being‘exact’ in theZ % ∞ limit.

ThevonWeizs̈acker correctionconsistsin addinga term� const
J� �K�
3

�
∇ L ρ � x � � 2 d3x
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to
� � ρ � . This preserves the convexity of

� � ρ � andadds(const.)Z2 to ETF � N �
whenZ is large (just asthe Scottcorectiondoes). It alsohasthe effect that the

rangeof N for which thereis a minimizing ρ � x � is extendfrom [0,Z] to [0,Z +

(const.)K].

Anothercorrection,theDiracexchangeenergy, is to add�M� const
J� ���
3

ρ � x � 4� 3 d3x

to
� � ρ � . Thisspoilstheconvexity but not therange[0,Z] for whichaminimizing

ρ � x � existscf. [LS] for bothof thesecorrections.

5 Lar geExternal Magnetic Fields

Whena uniform externalmagneticfield B is present,the operator � ∇2 in H is

replacedby �
i∇ � A � x � � 2 � σ N B 	

with curlA � x �:� B andwith σ denotingthePauli spinmatrices.This leadsto a

modifiedTF theorythatwasdiscoveredby Yngvason[JY] andwhich is asymp-

totically exactasZ % ∞ in thefirst threeof thefive regionscitedbelow. In this

theory, onedoesnot try to introducea complex-valueddensityin imitation of the

quantummechanical
�
i∇ � A � x � � 2. Instead,onecomputesthe energy of a free

Fermi gasin a constantfield B, which thengivesa kinetic energy/unit volume

TB � ρ � asafunctionof B anddensityρ. OnethenusesTB � ρ � x �O� in placeof ρ � x � 5� 3
in the Thomas-Fermienergy functional. More complicatedTF-like theoriesare

neededin thelasttwo regions.

Thefive regionsdependson themannerin which B � �B � varieswith Z asZ

grows. The five distinct regionsare: B P Z4� 3 	 B H Z4� 3 	 Z4� 3 P B P Z3 	 B H
Z3 	CQ Z3. Thesetheories[LSY1], [LSY2] arerelevantfor neutronstars.

Anotherclassof TF theorieswith magneticfieldsis relevantfor electronscon-

fined to two-dimensionalgeometries(quantumdots) [LSY3]. In this casethere
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are threeregimes. A convenientreview of all of thesemagneticfield theories

is [LSY4].

Still anothermodificationof TF theoryis its extensionfrom a theoryof the

groundstatesof atomsandmolecules(whichcorrespondsto zerotemperature)toa

theoryof positivetemperaturestatesof largesystemssuchasstars(cf. [JM], [WT]).
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