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1 Intr oduction

It is agreatpleasurdor meto have the opportunityto contrituteto this collection
of articlesdedicatedo Larry Spruch for mary yearsafriendandcolleague The
editor, BenBedersonasked meto write aboutThomas-Fermiheorybecausé¢hat
is oneof thesubjectd_arry andl bothfind interesting Larry’sreview article[SL]
is agemof clear pedagogicascientificwriting andl amafraidthe presenessay
will notreachthatlevel. Also, Larry, togethemwith MuellerandRau[MRS] was
oneof thepioneerof theuseof Thomas-Fermiypetheorieso understanétoms
in ultra-lalge magneticfields. It is, therefore a goodopportunityto try to review
the oldertheoryandbring togethersomerecentdevelopmentsand extensionsof
theideasthat ThomasandFermipioneeredaboutthreequartersof a centuryago
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and which are still actively pursued to the present day. Some of the newer de-
velopments, mentioned in section 5, are, in fact, concerned with atoms in large
magnetic fields. This and other aspects of Thomas-Fermi theory are not finished
subjects, of course, and | hope Larry will continue to contribute his important
insights into these problems.

2 Formulation of Thomas-Fermi Theory

Sometimes called the ‘statistical theory’, it was invented by L. H. Thomas[TH]
and E. Fermi [EF], shortly after Schrodinger invented his quantum-mechanical
wave equation, in order to describe, approximately, éleetron densityp(x),
x € R®, and theground state energyE(N) for a large atom or molecule with
a large numberN, of electrons. Schrodinger’s equation, which would give the
exact density and energy, cannot be easily handled whesnarge. It has to be
remembered that most of the time, in ordinary matter, atoms and molecules are
in, or closeto their grourd states Thereforeit is of centrd importan@to leam as
much as possible about the properties of the ground state and Thomas-Fermi (TF)
theory is a remarkably good guide in many respects.

A starting point for the theory is th&F energy functional For a molecule
with K nuclei of chargeg; > 0 andfixedlocationsR; € R® (i =1,...,K), itis
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in suitable units¢? = 1). Here,
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V(x) = § Zjx—Rj™,
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U = ZiZj|Ri—Rj|_1,
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andy = (3r®)%3h2/2m. The constrainton p(x) is p(x) > 0 and gz p = N. The
functionalp — E(p) is corvex.

Thejustificationfor this TF functionalis this:

e Thefirst termis roughly the minimum quantum-mechanica&linetic enegy of
N electronsneededo producean electrondensityp(x). The factthatelectrons
arefermionsis crucial here. This minimum eneqy is, in fact, the semiclassical
enegy andis known to be exactin thelimit wherethe shapeof p(x) is fixedand
N goesto . Thefirst termis alsoconjecturedLT] to be a lower boundto the
electronickinetic enegy whenthedensityis p(x).

e Thesecondermis theattractveinteractionof theN electronswith theK nuclei,
via the CoulombpotentialV.

e Thethird termis approximatelythe electron-electromepulsve enepy.

e U is thenuclearnuclearrepulsion.While it is aconstantijt is animportantcon-
stantbecausét determinesvhetheror not binding canoccur i.e., whetheror not
theenegy canbeloweredby moving the nucleifar apartfrom eachother

TheTF enegy is definedto be
ETF(N) =inf{Z(p): p € L), [ p=N, p(x) >0},
R

i.e.,the TF enegy anddensityis obtainedoy minimizing £(p) with
Jre PP/ 3(X)d® < o0 and fps p(x)d®x = N. The Euler-Lagrange equation called
theThomas-Ermiequation is

Yo(x)?/3 = [d(x) — 1, , (2.2)
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where[a]+ = max{0,a}, —p is someconstant(Lagrange multiplier = chemical
potential) and® is the TF potentiat

@00 =V ()= [ | x=y|p(y) . 23)

The[ ]+ in (2.2)is essential.Usuallyit is omitted. It is only in the neutralcase
with p= O thatthe| ] is notneededecauseheright sideis never negative in
thatcase.(Seebelow).

Thefollowing essentiamathematicafactsaboutthe TF equationwereestab-
lishedin [LS] (cf. alsothereview articles[EL], [SL] andthe book][LL]).

1. Thereis a density p{7(x) that minimizes Z(p) if andonly if N < Z :=
>_1Zj. This p{7(x) is uniqueandit satisfiesthe TF equation(2.2) for
someu > 0. Everypositivesolution,p(x), of (2.2)is aminimizerof (2.1)for
N = fgzp. If N> ZthenE™F(N) = ETF(Z) andary minimizing sequence
convergesweaklyin LY3(R3) to pIF(x).

2. ®(x) > 0for all x. (This neednot be sofor thereal Schibdingerp(x) in an
atom.)

3. p=(N) is astrictly monotonicallydecreasindunctionof N and—p(Z) =
0 (theneutral casg. — is the chemicalpotential namely

_ 0ETF(N) .

—H(N) N

ETF(N) isastrictly corvex, decreasingunctionof N for N < ZandETF(N) =
ETF(Z) for N> Z. If N < Z, p{[(x) hascompactsupport.

WhenN = Z, (2.1) becomesgp?3(x) = ®(x). By applyingthe Laplacian?
to bothsideswe obtain

K
—P0(x) + 4ny o) ¥ =4y Zj 8(x—R;),
=1



which is the form in which the TF equationis usuallystated(but it is valid only
for N = Z).

An importantpropertyof the solutionis Teller's theoem[ET] (provedrigor-
ouslyin [LS]) which impliesthatthe TF moleculeis alwaysunstablefor K > 1,
i.e.,for eachN < Z thereareK numbersN; € (0,Z;) with ¥ ; Nj = N suchthat

K
ETT(N) > > Eatom(Nj, Z) (2.4)
=
whereEl{n(N;, Z;) istheTF enegy with K = 1,Z = Z; andN = N;. Thepresence
of U in (1) is crucialfor this result. Theinequalityis strict. Not only doesE ™ (N)
decreasevhenthe nucleiarepulledinfinitely far apart(which is what(2.4) says)
but ary dilation of the nuclearcoordinategR; — £Rj,£ > 1) will decreas& ™"
in the neutralcase(positivity of the pressue) [EL], [BL]. Thistheoremplaysan
importantrole in the stability of matter

3 Connectionwith the Schrodinger Equation

To whatextentdo the Thomas-Fermpredictionscorrespondo the quantumme-
chanicalquantitiesthey were meantto approximate?Specifically how closeis
ETF(N) to EQ(N), the groundstateenegy (= infimum of the spectrum)of the
SchibdingeroperatoyH. (Note: The bottomof the spectrunof H neednotbean
eigervalue; it is not an eigervalueif therearetoo mary electronsfor example.
Thus,theinfimum neednotbeaminimum. Thesamephenomenoappensn TF
theorywhenN > Z.)

N 2

h

H= Z [——D-Z—i-V(xi)} + Ixi —xj| 1 4+U (3.1)
&l 2m™ 1§i<zj§N

which actson the antisymmetridunctionsANL?(R3; C?) (i.e., squareintegrable
functionsof spaceandspin). It usedto bebelievedthatE™ (N) is asymptotically



exactasN — oo but this is not quite right; Z —  is alsoneeded.Simonand|
proved[LS] (but asimplerproof wasgivenlaterin [EL]) thatif we fix K andfix
Zj/Z andif wesetR; = Z71/3R9, with fixedRY € R3, andif we setN = AZ, with
0< A< 1lthen

Jim ETF(A\2)/ER(A\Z) =1. (3.2)
—»00
In particular a simplechangeof variablesshowvs that

Edtom(A.2) = Z'PERGr(A. 1) (3.3)

andhencethetrue enepy of alarge atomis asymptoticallyproportionalto 27/3.

Likewise,thereis awell-definedsensen which thequantummechanicatlen-
sity convergesto p{(x) (cf. [LS]). The TF densityfor anatomlocatedatR = 0,
whichis sphericallysymmetric scalesas

PromGN=AZ,Z) =
ZPaonl Z% N=AZ=1). (3.4)

Thus,alargeatom(i.e.,large Z) is smallerthanaZ = 1 atomby afactorz=/3 in
radius.Despitethis seemingparadox,TF theorygivesthe correctelectrondensity
in arealatom— asfar asthebulk of theelectrongs concerned— asZ — .

The sameis true of moleculesin this theory If the scalingof the Rj with Z
areasdescribedabove then(3.4) still holds.

This fact aboutthe Thomas-Fermdensityis mirrored in the true quantum
mechanicadensity which we cancall p@(x). Here,it might be notedthat the
groundstatedensityof anatommightnotbeunique,e.g.,asin thecaseof Carbon,
but asA — o the densityp®?(x) hasawell definediimit. Thedifferencesamong
thefinite systendensitiesare likethemountainonearth,unobserableonalarge
scale.

Equation(3.4) tells us that the length scaleon which most of the electrons
areto be foundis Z1/3. The smallerlengthscale,Zz~1 is the highly quantum
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mechanicakegion in which the innermostelectrons(K-shell, etc.) reside. The
Scottcorrectionwhichis themostimportantcorrectionto TF theory is concerned
with this Z~1 region. It givesa corectionto the enegy of orderZ2. In theZz~1
region one expectsthe densityto be the sum of the squaresof the hydrogenic
boundstatewave functions(appropriatelyscaledby Z—1). Larry and Shaleshaft
alsoinvestigatedhissum[SS. Thepreciseevaluationisin [HL] andthefactthat
thesumis, indeed the correctelectrondensitynearthe nucleusof alarge atomis
provedin [LIS].

Anotherimportantfact aboutthe TF densityis the large |x| asymptoticsof
pliom(X) for aneutralatom.As |x| — o,

Patom(* N =2Z,Z) ~ y*(3/m)3|x|©,

independenof Z. Again, this behaior agreeswith quantummechanics— on a
lengthscaleZ—1/3, whichis wherethe bulk of the electronsareto be found.

In light of thelimit theorem(3.4), Teller'stheorenmcanbeunderstoocssaying
thatasZ — o the quantummechanicabinding enegy of a moleculeis of lower
orderin Z thanthetotal groundstateenepgy. Thus,Teller'stheoremis notadefect
of TF theory (althoughit is sometimesnterpretedthat way) but an important
statemenaboutthetrue quantummechanicasituation.

For finite Z one can shaw, usingthe Lieb-Thirring inequality [LT] andthe
Lieb-Oxford inequality [LO], that ETF(N)(x), with a modifiedy, givesa lower
boundto EQ(N)(x).

4  Somelmpr ovements

Several ‘improvements’to Thomas-Fermtheory have beenproposedput none
have a fundamentakignificancen the senseof being‘exact’ in the Z — oo limit.
ThevonWeizsdker correctionconsistdn addingaterm

(const) /RS 10v/p(x)|? d®
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to £(p). This preseresthe corvexity of E(p) andadds(const.x? to ETF(N)
whenZ is large (just asthe Scottcorectiondoes). It alsohasthe effect thatthe
rangeof N for which thereis a minimizing p(x) is extendfrom [0,Z] to [0,Z +
(const.)K].

Anothercorrection the Dirac exchange eneny, is to add

—(const)/ p(x)¥3 dx
R3

to E(p). This spoilsthe convexity but nottherange[0,Z] for which aminimizing
p(x) existscf. [LS] for bothof thesecorrections.

5 LargeExternal Magnetic Fields

Whena uniform externalmagneticfield B is presentthe operator—2 in H is
replacedoy
i0+A(X)[?+0-B,

with curlA(x) = B andwith o denotingthe Pauli spin matrices.This leadsto a
modified TF theorythatwasdiscoveredby Yngvason[JY] andwhich is asymp-
totically exactasZ — o in thefirst threeof thefive regionscited below. In this
theory onedoesnottry to introducea comple-valueddensityin imitation of the
quantummechanicalid + A(x)|2. Instead,one computesthe enegy of a free
Fermigasin a constantfield B, which then gives a kinetic enegy/unit volume
Ta(p) asafunctionof B anddensityp. OnethenusesTz(p(x)) in placeof p(x)%/3
in the Thomas-Fermenegy functional. More complicatedTF-like theoriesare
neededn thelasttwo regions.

Thefive regionsdependon the mannerin which B = |B| varieswith Z asZ
grows. The five distinctregionsare: B < Z%/3,B ~ 7%/3,7%3 « B« Z3,B ~
Z3,>> 78. ThesetheoriedLSY1], [LSY2] arerelevantfor neutronstars.

Anotherclassof TF theorieswith magnetidieldsis relevantfor electronon-
fined to two-dimensionabeometriequantumdots) [LSY3]. In this casethere

9



arethreeregimes. A corvenientreview of all of thesemagneticfield theories
is[LSY4].

Still anothermodificationof TF theoryis its extensionfrom a theory of the
groundstatesof atomsandmoleculegwhich correspond#o zerotemperaturefo a
theoryof positvetemperaturstateof largesystemsuchasstarg(cf. [JM], [WT]).
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